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The best teacher in life is experience. Experience comes with time. Time
is in the future; which is where I will spend the rest of my life...
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Abstract
The aim of this thesis is to question some of the basic assumptions that
go into building the ΛCDM model of our universe. The assumptions we
focus on are the initial conditions of the universe, the fundamental forces
in the universe on large scales and the approximations made in analysing
cosmological data. For each of the assumptions we outline the theoretical
understanding behind them, the current methods used to study them and
how they can be improved and finally we also perform numerical analysis
to quantify the novel solutions/methods we propose to extend the previous
assumptions.
The work on the initial conditions of the universe focuses on understand-
ing what the most general, gauge invariant, perturbations are present
in the beginning of the universe and how they impact observables such
as the CMB anisotropies. We show that the most general set of initial
conditions allows for a decaying adiabatic solution which can have a non-
zero contribution to the perturbations in the early universe. The decaying
mode sourced during an inflationary phase would be highly suppressed and
should have no observational effect, thus, if these modes are detected they
could potentially rule out most models of inflation and would require a
new framework to understand the early universe such as a bouncing/cyclic
universe.
After studying the initial conditions of the universe, we focus on under-
standing the nature of gravity on the largest scales. It is assumed that
gravity is the only force that acts on large scales in the universe and
we propose a novel test of this by cross-correlating two different types
of galaxies that should be sensitive to fifth-force’s in the universe. By
focusing on a general class of scalar-tensor theories that have a property
of screening, where the effect of the fifth force depends on the local en-
ergy density, we show that future surveys will have the power to constrain
screened fifth-forces using the method we propose.
Finally, to test theoretical models with observations a complete under-
standing of the statistical methods used to compare data with theory is
required. The goal of a statistical analysis in cosmology is usually to infer
cosmological parameters that describe our theoretical model from observa-
tional data. We focus on one particular aspect of cosmological parameter
estimation which is the covariance matrix used during an inference pro-
cedure. The usual assumption in modelling the covariance matrix is that
it can be computed at a fiducial point in parameter space, however, this
is not self-consistent. We check this claim explicitly by calculating the
effect of including the parameter dependence in the covariance matrix on
the constraining power of cosmological parameters.
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Chapter 1
Introduction
1.1 A brief history of the Universe
This thesis is about the origin and evolution of the Universe. The dynamics of all
the particles traversing through spacetime under the forces of nature is what we call
the Universe. In the Standard Model of particle physics we have a well established,
quantum mechanical, framework to understand the fundamental particles and the
forces that lead to interactions between them. In particle physics the convention
is to classify the fundamental particles into quarks and leptons and the forces are
characterised by force carrying particles called bosons. There are 12 fundamental
particles, and 12 conjugate anti-particles, (6 quarks and 6 leptons) and 5 force carrying
gauge bosons (4 spin 1 bosons and 1 spin 0 boson) corresponding to three fundamental
forces: electromagnetism, weak nuclear force and strong nuclear force. A schematic
diagram showing the Standard Model is shown in figure 1.1. This picture of the
Universe has been tested and confirmed in experiments spanning over 5 decades [10].
A summary of the properties of the Standard Model particles is given in table 1.1.
There is one basic limitation of the Standard Model of particle physics, however,
which is that it doesn’t contain gravity. In particular, there is no self-consistent
quantum field theory of a spin 2 gauge boson that can describe gravity. The current
best description of gravity is given by general relativity (GR). In GR gravity isn’t
described as a force. Rather the fundamental description of gravitation relies on
the existence of spacetime: a four dimensional hyperbolic geometric manifold that
accounts for our three dimensions of space and one dimension of time. The two
pillars upon which GR describes gravity are the following:
1. Particles traverse through spacetime on geodesics.
2. Particles in spacetime will change the geometry of spacetime.
The motion of particles through spacetime can be further divided into three categories.
Particles that travel on timelike, null or spacelike geodesics. All the particles which
have a positive mass follow timelike geodesics. In the Standard Model of particle
physics all particles have a positive mass (anti-particles have a positive mass just the
opposite electric charge to the conjugate particle) except two of the gauge bosons,
1
Particle Mass Spin
t 173 GeV 1/2
b 4 GeV 1/2
c 2 GeV 1/2
s 100 MeV 1/2
d 5 MeV 1/2
u 2 MeV 1/2
τ 1777 MeV 1/2
µ 106 MeV 1/2
e 511 keV 1/2
ντ < 0.6 eV 1/2
νµ < 0.6 eV 1/2
νe < 0.6 eV 1/2
W± 80 GeV 1
Z 91 GeV 1
γ 0 1
g 0 1
H 125 GeV 0
Table 1.1: Summary of the mass and spin of the Standard Model particles
Figure 1.1: Schematic diagram of the Standard Model of particle physics [1]
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the photon and gluon, which are massless (although gluons are never observed to
be massless as Quantum-Chromo-Dynamics (QCD) is asymptotically free) and they
follow null geodesics. Particles that follow spacelike geodesics must have an imaginary
mass and are termed tachyons however these have never been observed in nature. The
theory of GR has stood the test of all experiments conducted till today spanning over
a century [11]. More impressively GR has been tested over a large range of energy
scales, from the lab [12] to cosmological scales [13]. Most recently the detection of
gravitational waves have provided further spectacular experimental confirmation of
GR [14].
Cosmology is the study of all of the particles and forces in the Standard Model
of particle physics on the largest scales. On the largest scales gravity is the most
important force that needs to be accounted for, even though it is the weakest of all
the forces, in order to determine the dynamics of objects. There are a few excep-
tions to this where the conditions can be more extreme when the other forces play a
role, for instance in the very early Universe prior to the electroweak and QCD phase
transitions and also in neutron stars and other compact objects. We will mention
these exceptions when necessary, however, for the most part we will focus on the
dynamics under gravity. Cosmology has come from being an unexplored territory,
typically left to philosophers, to being one of the most precisely tested areas of ex-
perimental science. While GR and its implications have been known for around a
century, its only in the last few decades that cosmology has become a field open to
experimental investigation. Initially the experimental tests of cosmology were driven
by measurements of the cosmic microwave background radiation (CMB) [15, 16, 17].
More recently measurements of the galaxy clusters [18] and the lensing of light from
galaxies [19] have augmented the cosmological information obtained by the CMB by
orders of magnitude making cosmology not only an experimental science but a science
that is in the era of precision measurements. While these are the probes that will
be the focus of this thesis, there are several other probes that also provide us with
crucial cosmological information. In particular the measurement of the primordial
abundance of elements and the measurements of distances using supernovae are cru-
cial to understanding several cosmological parameters. As cosmology has entered the
realm of precision science, the use of advanced statistical methods has become manda-
tory in order to extract cosmological information from increasingly large and complex
datasets. We describe the details of the cosmological probes and statistical methods
in upcoming sections, however, before doing that we describe the understanding of
the Universe these cosmological observations have provided us with.
According to our current understanding the Universe starts roughly 13.7 billion
years ago where the spacetime is expanding. All the particles in the Standard Model
are relativistic in the very early Universe and we describe that phase to be the radia-
tion dominated era. In this phase all the particles have perturbations in their energy
densities as well as perturbations in the spacetime itself. The current standard model
of cosmology, called the ΛCDM model, is the story of how the Universe starts from
this initial radiation dominated era and forms the structure we see in it today.
3
1.2 ΛCDM model
1.2.1 Background
As GR is at the heart of the ΛCDM model we start by writing down its action.
SGR =
1
16piG
∫
d4x
√−gR (1.1)
we are using the standard notation where gµν is the metric, g is the determinant of
the metric, Rµν is the Riemann tensor, R = g
µνRµν is the Ricci scalar. For generic
matter content described by fields Φi, the action in the presence of gravity can be
written as
Smatter =
∫
d4x
√−g Lmatter(g,Φi). (1.2)
If the Standard Model of particle physics is the only matter content in the Universe,
which is what has been proven so far, then the action that describes the full content
of particles and spacetime in our Universe is given by the sum of the GR action and
the Standard Model action SSM
1
SUniverse = SGR + SSM. (1.3)
The equation of motion for the metric or the particles can be obtained by varying
the equation w.r.t to the appropriate field. The Einstein Field Equations (EFE) that
describe the dynamics of the metric are given by varying the SGR w.r.t gµν
Gµν = 8piGTµν (1.4)
where Gµν ≡ Rµν − 12Rgµν with the stress-energy tensor
Tµν =
2√−g
δ [
√−gLmatter]
δgµν
. (1.5)
One of the main assumptions in the ΛCDM model is that the Universe is isotropic
(preserves SO(3) symmetry) and is homogenous on the largest scales. This is known
as the cosmological principle. The solution of the EFE under these symmetries is given
by the Friedmann-Robertson-Walker (FRW) metric, which in spherical coordinates,
can be written as
ds2 = −dt2 + a(t)2
(
dr2
1− κr2 + r
2dΩ22
)
. (1.6)
Here we have defined a(t) as the scale factor, which describes the expansion of the
three spatial dimensions. r is the unit-less comoving radius normalised by the current
radius of the Universe, κ is the curvature of spatial surfaces and dΩ22 = dθ
2 +sin2 θdφ2
is the solid angle element. The curvature κ can take on three possible values:
1The full form of the SM action can be found here [20] - given its complexity and length we do
not write it out in full here.
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• greater than zero for positive curvature (spherical),
• less than zero for negative curvature (hyperbolic),
• zero for zero curvature.
While all three of these values are consistent with the cosmological principle, obser-
vationally we find the Universe is consistent with being flat. The dynamics of the
Universe can therefore be determined by scale factor a(t). To solve for the scale factor
we need information about the stress-energy tensor.
The most important stress-energy tensor in cosmology is that of a perfect fluid
given by
T µν = (ρ+ P )uµuν + Pgµν , (1.7)
ρ is the energy density of the fluid, p is the pressure of the fluid and uµ is the 4-velocity
of the fluid. The time-time component of the EFE gives the Friedmann equation
H2 =
8piG
3
ρ− κ
a2
+
Λ
3
(1.8)
where H ≡ a˙
a
. In this equation we have also included Λ which represents the cos-
mological constant. This can be thought of as a fluid with a given equation of state,
as we describe below, or as an additive constant to the Einstein-Hilbert action. It is
often convenient to define the critical density of the Universe, at which there is no
spatial curvature and no cosmological constant, as
ρc ≡ 3H
2
0
8piG
. (1.9)
Using this definition the density of different particle species is commonly defined as
Ωi =
ρi
ρc
. (1.10)
In a cosmological context the particle species are defined in a different way than in the
Standard Model of particle physics. For the purposes of cosmological evolution the
particle species are defined just by their equation of state (as we describe below). The
particle content in our cosmological model are radiation, matter, curvature and dark
energy (cosmological constant). There may be further species depending on what
context the Friedmann equation is being solved, however we will introduce these new
species as and when needed. It is also worth mentioning the distinction between
different types of matter. In particular we know there is matter that interacts with
light, which we call baryonic matter and matter that does not interact with light called
dark matter. Our current understanding leads us to believe that dark matter does
not carry any significant kinetic energy and thus termed cold dark matter (CDM).
The particle species in cosmology are usually defined in terms of their stress-energy
tensor. The equation of motion of a fluid can be obtained from the conservation of
the stress-energy tensor
∇µT µν = 0⇒ ρ˙+ 3H(ρ+ P ) = 0. (1.11)
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This is called the continuity equation. The space-space part of the EFE gives the only
other equation (as there are no time-space terms), as called the acceleration equation,
a¨
a
= −4piG(ρ+ 3P ) + Λ
3
. (1.12)
This can also be obtained by the combination of the Friedman equation in Eq 1.8 and
the continuity equation in Eq 1.11 and therefore is not an independent equation. In
order to fully solve for the dynamics of the scale factor in the FRW metric one also
needs to specify a relation between the energy density and pressure. This is typically
written as
P = wρ (1.13)
where w is called the equation of state parameter. The most common equations
of state are for radiation where w = 1
3
, dust w = 0 and the cosmological constant
w = −1. For any of these constant values for w we can solve the continuity equation
to get
ρ = ρ0a
−3(1+w). (1.14)
In the case of radiation we see that ρ ∝ a−4 and ρ ∝ a−3 for dust, or pressure-less
matter, as we expect. Solving the Friedmann and continuity equations can uniquely
determine the evolution of any cosmology with a given matter content. Using the
definition of the densities given in Eq 1.10 we can rewrite the Friedmann equation for
the different particle species described above
H2 = H20
[
Ωr
(a0
a
)4
+ Ωm
(a0
a
)3
+ Ωκ
(a0
a
)2
+ ΩΛ
]
. (1.15)
Here we have defined the curvature as a density as well Ωκ ≡ − κ(a0H0)2 . All quantities
with a zero subscript are evaluated at z = 0, i.e today. Using Eq 1.15 we can solve
for the scale factor as a function of time. Before looking at some of the solutions to
this equation it is worth defining a new time coordinate called conformal time. τ . It
is related to the cosmic time variable t defined in the metric in Eq 1.6 by dτ ≡ dt
a(t)
.
In these coordinates the FRW metric becomes
ds2 = a(τ)2
(
−dτ 2 +
(
dr2
1− κr2 + r
2dΩ22
))
. (1.16)
By solving the Friedmann equation we can solve the dynamics of the scale factor, and
thus the Universe on large scales, for three different regimes which correspond to our
observed Universe.
• Radiation domination: This is when the Universe consists of a fluid of relativistic
particles. The early Universe is extremely hot and dense and thus a single
relativistic fluid is a good approximate description of the very early Universe.
The equation of state is ω = 1
3
, the energy density evolution is ρ ∝ a−4 and the
evolution w.r.t cosmic and conformal time is a(t) ∝ t 12 and a(τ) ∝ τ respectively.
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• Matter domination: This is when the Universe consists only of a pressure-
less fluid. As the Universe expands and cools the phase after the radiation
dominated phase is the matter dominated phase. The equation of state is
ω = 0, the energy density evolution is ρ ∝ a−3 and the evolution w.r.t cosmic
and conformal time is a(t) ∝ t 23 and a(τ) ∝ τ 2 respectively.
• Vacuum energy (Λ) domination: We observe that the current evolution of the
Universe is described by a vacuum energy dominated phase. The equation of
state is ω = −1, the energy density evolution is ρ = constant and the evolution
w.r.t cosmic and conformal time is a(t) ∝ eHt and a(τ) ∝ − 1
τ
respectively.
Now that we know the evolution of the Universe we can analyse the interactions of
the particles. The interactions between particles can be calculated in quantum field
theory and depends on the coupling strength between the particles. The interaction
rate is typically written as Γ. In the early Universe, when the temperature and density
is high, the Universe is a thermal soup of all radiation with all the particles being
constantly created an annihilated. When the rate of the interaction between a specific
species of particles drops below the Hubble expansion H, then the particle species
will decouple from the primordial plasma. Different particle species have different
interaction rates and thus decouple from the primordial plasma at different times.
This is a crucial concept that allows us to calculate when important events in the
history of the Universe happen and thus test our model of the Universe.
We can briefly describe the important events in the history of the Universe chrono-
logically. The origin of the Universe is described by a yet unknown mechanism, but
the most widely accepted theory for this is inflation. Inflation encompasses a set of
theories that predict there was a period prior to radiation domination in our Universe
where the Universe expands at an accelerated rate (mostly assumed to be an expo-
nential expansion) [21]. There are large number of theories that can be written in the
context of inflation, however no single model has as yet been established as the true
theory describing the beginning of the Universe [22]. Typically inflation is assumed
to happen below the Planck scale (the Planck time is ≈ 5×10−44 s). There are, how-
ever, other models that can be used to describe the beginning of the Universe such
as bounce/cyclic models of the Universe [23, 24]. Following some process that sets
up the initial conditions for the evolution of the Universe, we expect a process called
Baryogenesis to take place. This process that describes the origin of matter in our
Universe. If there is equal amount of matter and antimatter in the Universe initially,
then the Universe should just be filled with photons as all the particles annihilate.
However, that is not what we see. It appears there is one additional matter particle
to every 109 anti-matter particle. This is usually quantified as the ratio of baryons
(which is most of the observed matter in the Universe) to photons that we observer
in the Universe,
η ≡ #baryons
#γ
≈ 10−9. (1.17)
The origin of the asymmetry in matter and anti-matter is still a mystery with many
possible solutions being speculated [25]. We know that when the temperature of the
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primordial plasma reaches 100 GeV the particles will get their mass through the Higgs
mechanism and this is known as the Electroweak (EW) phase transition. At 150 MeV
the quarks and gluons become coupled and form composite structures: baryons and
mesons. One of the mysteries of the ΛCDM model is the origin and nature of dark
matter. It is typically assumed that dark matter is a thermal relic, i.e is a particle
that was present at the origin of the Universe and decouples from the primordial
plasma at early times, after which is it traverses our Universe un-impeded. The
most popular theory of dark matter is that it consists of weakly interacting massive
particles (WIMPs). These types of particles only interact through the weak force
and typically decouple from the plasma at ∼ 1 MeV.2 Neutrinos also interact only
through the weak force (however are not massive enough to account from the required
dark matter) and given their mass they decouple from the primordial plasma at 0.8
MeV. Following this the electrons and positrons are no longer in thermal equilibrium
after the temperature reaches ∼ 500 keV. At this stage the energy in the electrons
and positrons gets transferred into the photons they produce, however the neutrinos
do not receive any of the energy as they have already decoupled (this is why the
temperature of the photons is higher than the temperature of the neutrinos today).
At a temperature of around 100 keV the Universe has cooled enough such that the first
nuclei start forming. This process is called Big Bang Nucleosynthesis (BBN). From
the Friedmann equation in Eq 1.15 we can see that there will come at time at which
the radiation will start to become subdominant to the matter in the Universe and thus
the behaviour of the scale factor will change. This happens at z ∼ 3400 and is called
the matter-radiation equality. Below this redshift the first structures can start to form
under the collapse of matter. At a temperature of ∼ 0.3 eV the photons and electrons
decouple and the mean free path of light suddenly increases to ∼ ∞. At this time,
z ≈ 1100, the Universe first becomes transparent and this is called recombination.
This is followed by a phase known as the “dark ages”. In this phase there are no
stars and thus no light is being produced. Neutral hydrogen that is present in the
Universe after recombination (produced during BBN) is ionised again by high energy
photons in a process called reionisation. The source of these high energy photons
is not well understood, however, popular candidates for ionising photons are dwarf
galaxies, Quasars and population III stars. The redshift at which this happens is also
unclear however the most popular ideas suggest it happens between ∼ 5-20 [26].
Finally, again from the Friedmann equation we see there must also come a phase
when dark energy dominates the energy content of the Universe and thus starts
accelerating the expansion of the Universe. This happens at a redshift of ∼ 0.4.
The precise values of the time/temperature at which these events happens can be
used to test our cosmological model and infer the parameters that best fit the model
given observational data. A summary of each of these events is given in figure 1.2.
In the next section we briefly outline how we go about calculating predictions based
on ΛCDM by describing perturbation theory in the context of ΛCDM.
2The precise values depend on the model being used to describe the WIMP.
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Figure 1.2: Schematic diagram showing the key events in the history of the Universe
according to the ΛCDM model.
1.2.2 Perturbations
In order to make quantitative predictions from the ΛCDM model, we need to write
down the perturbations to Einstein’s equations,
δGµν = 8piGδTµν . (1.18)
We start by analysing the metric first. We already know the metric is well approx-
imated on large scales by the FRW metric. In general the metric has 10 degrees of
freedom, in the absence of curvature, (as it is a 4x4 symmetric matrix) and the most
general set of linear perturbations to the FRW metric can be written as [27]
ds2 = a2(τ)
[−(1 + 2A)dτ 2 + 2Bidxidτ − (δij + hij)dxidxj] . (1.19)
It is typical to perform a scalar-vector-tensor (SVT) decomposition of the perturba-
tions in order to identify the scalar, vector and tensor perturbations individually. A
generic rank-2 symmetric matrix, hij, can be decomposed into a scalar, vector and
tensor variable as follows
hij = 2Cδij + 2
(
∂i∂j − 1
3
δij∇2
)
E +
(
∂iEˆj + ∂jEˆi
)
+ 2Eˆij, (1.20)
with ∂iEˆi ≡ 0, ∂iEˆij ≡ 0, Eˆii = 0. A generic vector can be written in terms of a scalar
and a divergence-less vector
Bi = ∂iB + Bˆi (1.21)
where ∂iBˆi ≡ 0. Using these transformations we see that there are indeed 10 degrees
of freedom in the metric where 4 of them are scalars, A,B,C,E, 4 are in the vectors
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Bˆi, Eˆi and 2 are in the tensor Eˆij. However, in GR one needs to make sure the terms
we write down are the same in any coordinate system as any physical quantity should
not change by the redefinition of coordinates (also called gauge). It can be shown that
in the case of the FRW metric perturbations defined above, the following variables
are invariant under any gauge transformation
Ψ ≡ A+H(B − E ′) + (B − E ′)′,
Φ ≡ −C −H(B − E ′) + 1
3
∇2E,
Φˆi ≡ Eˆ ′i − Bˆi,
Eˆij. (1.22)
These are typically called the Bardeen variables.
One of the most common gauge choices is the Newtonian gauge which is useful
for analysing scalar perturbations and is defined by setting B = E = 0, A = Ψ and
C = −Φ
ds2 = a2(τ)
(−(1 + 2Ψ)dτ 2 + (1 + 2Φ)δijdxidxj) . (1.23)
We will use this when we come to describe the initial conditions of the Universe. There
is one further simplification that is usually used: we assume there is no anisotropic
stress, which implies Φ = Ψ. This however is not true, for example in the early Uni-
verse after neutrino decoupling as neutrinos then free stream and generate anisotropic
stress. Along with this, a popular gauge for computational purposes is the syn-
chronous gauge.
Similarly we can write down the general first order perturbations to the stress
energy tensor of a perfect fluid as, δT µν
δT µν = (δρ+ δP )U¯
µU¯ν + (ρ¯+ P¯ )(δU
µU¯ν + U¯
µδUν)− δPδµν − Πµν . (1.24)
The quantities with a bar on top correspond to the background values. By applying
the conservation of stress energy we arrive at the relativistic Euler and continuity
equations respectively
~v′ + 3H
(
1
3
− P¯
′
ρ¯′
)
~v = −
~∇δP
ρ¯+ P¯
− ~∇Φ
δ′ + 3H
(
δP
δρ
− P¯
ρ¯
)
δ = −
(
1 +
P¯
ρ¯
)
(~∇ · ~v − 3Φ′) (1.25)
where ′ is the derivative w.r.t conformal time and H is the conformal Hubble param-
eter. The perturbed Einstein equations for the time-time, time-space and the trace
part are respectively given by
∇2Φ = 4piGa2ρ¯δ + 3H(Φ′ +HΦ), (1.26)
Φ′ +HΦ = −4piGa2(ρ¯+ P¯ )v, (1.27)
Φ′′ + 3HΦ′ + (2H′ +H2)Φ = 4piGa2δP. (1.28)
These equations hold for any perfect fluid without anisotropic stress. We will use
these equations to build an intuition for the decaying adiabatic perturbation that we
will describe in the chapter discussing the initial conditions of the Universe.
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Figure 1.3: All sky map of the CMB taken from the Planck satellite [2].
1.3 Probes of cosmology
The aim of this section is to outline the cosmological probes that can be used to test
the ΛCDM model. We will discuss three probes in more detail that are used in the
research presented in this thesis. There are several other probes that we only mention
in passing, however, they also provide extremely valuable information for testing the
ΛCDM model.
1.3.1 Cosmic microwave background
The Universe becomes transparent after recombination at a redshift of around 1100.
This light was first detected in 1965 [15]. Followup experiments such as COBE [28]
measured the statistical properties of the temperature of this light and found it to be
the same in all parts of the sky to ∼1 part in 104. This is often interpreted as confir-
mation of the cosmological principle, however this is not the case as the to test this
requires measurements of the CMB from at least two different points in spacetime. A
more thorough discussion of this can be found in [29] and references therein - for the
purposes of this thesis we assume the cosmological principle holds and thus the FRW
metric is a fair representation of spacetime on large scales. The small differences in
temperature, on the other hand, can further test our models as we can use perturba-
tion theory to calculate the statistical properties of these temperature fluctuations for
a given cosmological model. In recent years the temperature anisotropies have been
mapped in exquisite detail by the WMAP [16] and Planck satellites [17]. In addition
to temperature anisotropies, they have also mapped polarisation anisotropies from
the CMB.
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1.3.1.1 Temperature anisotropies
We start by analysing how the temperature anisotropies are produced in the CMB.
As photons traverse through spacetime they will feel the effects of gravity and it is
these effects that we can calculate and test against observations. Fundamentally, the
temperature of a CMB photon measured by an observer on Earth is given by the dot
product of the observer’s four vector and the photons four momentum3. The observer
is usually situated on the Earth thus it will be in the reference frame of the Earth
and its motion. To calculate the four vector of the photon observed today we need
to account for the motion of the photon as it traverses along a geodesic towards the
Earth. The photons follow null geodesics and the energy of a photon is simply given
by the 0 component four momenta. Using the perturbed Newtonian metric in Eq
1.23 and the geodesic equation
∂P µ
∂τ
= −ΓµαβPαP β (1.29)
where P µ is the four momentum, we can calculate the relative perturbation of the
photon energy of CMB photons observed today(
δω
ω
)
0
=
(
δω
ω
)
R
+ ΨR −Ψ0 +
∫ τ0
τ∗
(Ψ′ − Φ′)dτ + nˆ · ~V . (1.30)
ω is the energy of the photon, the R index stands for quantities that are evaluated
recombination and 0 stands for quantities evaluated today. Here nˆ is the direction
of the photon and ~V is the relative velocity of the observer compared to the CMB
rest frame. All of these terms have an intuitive physical meaning. First we see that
there is a term that accounts for the energy of the photon when it is emitted, which
is the first term in the equation above. The second term accounts for how the energy
of the photon changes due to the gravitational redshift caused by the gravitational
potentials at recombination and the third term is similar except it accounts for the
integrated effect over the variation of the gravitational potentials (as they will also
evolve with time as structures form in the Universe). These terms are called the
Sachs-Wolfe (SW) and Integrated Sachs-Wolfe (ISW) effect respectively. The final
term is a Doppler effect coming from the relative velocity of the observer. While the
temperature of a photon coming from any point on the sky can be calculated by Eq
1.30, this is not an immediately useful quantity. This is because we cannot predict
the properties of a photon coming from a specific location on the sky. Rather, only
the statistical properties of the distribution of photons. This is a fundamental point
as each photon will be a realisation of the underlying distribution describing all the
photons and measuring individual photons cannot be used to test our cosmological
model. While Eq 1.30 allows us to calculate the temperature of the photons given
the gravitational potentials, we still need to calculate the gravitational potentials
at recombination and how they evolve with time. This can be complicated as the
particle species will couple to gravity and thus the evolution of all that needs to be
3In units where ~ = kB = 1.
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accounted for as well. This is typically done by solving the thermodynamic Boltzmann
equations in the presence of gravity. This is now a textbook subject and therefore we
only briefly review them here following [30]. Schematically, the Boltzmann equation
can be written in an innocent looking form
df
dt
= C[f ]. (1.31)
f is the distribution function of the particle species that we are interested in, C[f ]
is the collision term which accounts for the interactions of the particle species under
consideration with all the other particle species. When the collision term is zero
the equation above is simply a manifestation of Liouville’s theorem in statistical
mechanics which says that the phase space of particles in a closed system is conserved.
The closed system here consists of gravitational interactions as well and to account
for these we usually expand the total time derivative as follows
df
dt
=
∂f
∂t
+
∂f
∂xi
dxi
dt
+
∂f
∂p
dp
dt
+
∂f
∂pˆi
dpˆi
dt
(1.32)
where xi are the spatial positions, p is the magnitude of the momentum and pˆi is
the momentum unit vector. By looking at first order perturbations to the photon
distribution of the form
f(~x, p, pˆ, t) =
1
exp
(
p
T (t)(1+Θ(~x,pˆ,t))
)
− 1
(1.33)
and using the perturbed FRW metric in the Newtonian gauge shown in Eq 1.23 gives
the leading order correction to the Boltzmann equation
df
dt
|(1) = −p∂f
(0)
∂p
[
∂Θ
∂t
+
pˆi
a
∂Θ
∂xi
+
∂Φ
∂t
+
pˆi
a
∂Ψ
∂xi
]
. (1.34)
A few comments are in order here. The terms containing the gravitational potentials
show how the distribution of photons is affected by gravity. The first two terms
account for free streaming of the photons after they are emitted. These affect the
anisotropies of photons on small angular scales. The physical distance in the FRW
metric is given by a~x and thus all xi factors come with a factor of the scale factor.
The collision term will depend on the species under consideration. For instance, in
the case of photons, Compton scattering of electrons is a key scattering process in
the formation of the CMB
e−(~q) + γ(~p)↔ e−(~q′) + γ(~p′). (1.35)
The collision term of Compton scattering of photons is given by
C[f(~q)] = −p∂f
(0)
∂p
neσT (Θ0 −Θ(~p) + pˆ · ~vb) (1.36)
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Figure 1.4: Feynmann diagram of Compton scattering.
vb is the bulk velocity of the electrons, ne is the number density of electrons, σT is
the Thompson cross section computed from QED and we have defined the monopole
of the perturbation as
Θ0(~x, t) ≡ 1
4pi
∫
dΩ′Θ(pˆ′, ~x, t). (1.37)
This is typically solved in Fourier space and conformal time, so we define
Θ(~x) ≡
∫
d3k
(2pi)3
ei
~k·~xΘ˜(~k). (1.38)
It is also convenient to define the cosine of the angle between the photon direction
and the wavenumber ~k
µ ≡
~k · pˆ
k
, (1.39)
and the optical depth
τ(η) ≡
∫ η0
η
dη′ neσTa (1.40)
to finally get the full Boltzmann equation for photons
˙˜Θ + ikµΘ˜ + ˙˜Φ + ikµΨ˜ = −τ˙
[
Θ˜0 − Θ˜ + µv˜b
]
. (1.41)
We can similarly calculate Boltzmann equations for all the particle species4
θ˙ + ikµΘ = −Φ˙− ikµΨ− τ˙
[
Θ0 −Θ + µvb − 1
2
L2(µ)Π
]
(1.42)
Π = Θ2 + ΘP2 + ΘP0 (1.43)
Θ˙P + ikµΘP = −τ˙
[
−ΘP + 1
2
(1− L2(µ))Π
]
(1.44)
δ˙ + ikv = −3Φ˙ (1.45)
v˙ +
a˙
a
v = −ikΨ (1.46)
δ˙b + ikvb = −3Φ˙ (1.47)
v˙b +
a˙
a
vb = −ikΨ + τ˙
R
[vb + 3iΘ1] , R ≡ 3
4
ρ
(0)
b
ρ
(0)
γ
(1.48)
N˙ + ikµN = −Φ˙− ikµΨ (1.49)
4The full derivation can be found in [30].
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where we have defined the general multipolar expansion of the temperature field
Θ` ≡ 1
(−i)`
∫ 1
−1
dµ
2
L`(µ)Θ(µ) (1.50)
the L` is the Legendre polynomial of order `, N stands for the neutrino perturbations.
We have also dropped the tilde’s over the Fourier transformed variables as we will
only be looking at Boltzmann equations in Fourier space from now on. Here we have
assumed the neutrinos have zero mass, however the generalisation of that can be found
in many resources [30]. There are numerical codes such as CAMB5 and CLASS6 that
solve these Boltzmann equations in order to calculate various cosmological observables
such as the angular power spectrum of the CMB anisotropies. The solutions to the
Boltzmann equations can be divided into two distinct classes of solutions.
• Adiabatic solutions: When all particle species have the same fractional density
perturbations.
• Isocurvature solutions: When different particle species can have different rel-
ative fractional densities. Typically the difference is defined w.r.t the energy
density of photons.
We will describe these more in later chapters, however it is important to know that
these two categories of solutions exist and lead to different anisotropies in the CMB.
The usual approach to analysing the CMB anisotropies is to decompose the tem-
perature field into spherical harmonics
∆T (~x, pˆ, η)
T¯
= Θ(nˆ, ~p, η) =
∑
`m
a`m(~x, η)Y`m(pˆ) (1.51)
As the temperature field can only take on real numbers it must satisfy T ∗lm = (−1)mTl,−m.
The a`m’s are the amplitudes of the temperature fluctuation at a given location on
the sky. We can rearrange Eq 1.51 to get
a`m(~x, η) =
∫
d3k
(2pi)3
ei
~k·~x
∫
dΩ Y ∗`m(pˆ)Θ(~k, pˆ, η). (1.52)
where ~x is the position of the observer. As we can only make statistical statements
about the measurements, we can look at different moments of the distribution of
a`m’s. The first moment of the distribution is the mean and we expect this to be zero.
The second moment is the variance and is typically denoted
〈a`ma∗`′m′〉 = δ``′δmm′C`. (1.53)
In addition we assume that distribution of the a`m’s is Gaussianly distributed, al-
though current constraints of non-guassianity can be found in [31]. Thus the variance
5https://camb.info
6http://class-code.net
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and the mean account for all the statistical information in the map of the CMB.
Interestingly, we also notice another fact which is that for each ` there will be 2`+ 1
m’s and thus for low `’s there are fewer samples of the distribution. This makes sense
intuitively as a lower value for ` corresponds to a higher angular size of the sky and
we have fewer large angular samples of the sky then smaller ones. Thus there is a
fundamental limit to how much information is accessible on the largest scales which
is know as cosmic variance[
∆C`
C`
]
cosmic variance
=
(
2
2`+ 1
) 1
2
. (1.54)
Solving for the C`’s requires knowledge of the cosmological parameters which describe
the ΛCDM model. In the context of Boltzmann codes that compute these spectra,
the anisotropies are typically computed as follows
CXY` = 4pi
∫
dk
k
PΦ(k)
XY |∆X` (k)∆Y` (k)|2. (1.55)
The X, Y stand for the different initial conditions, i.e adiabatic or isocurvature, as
they will have different transfer functions and are also parameterised by different
PΦ(k) parameters. PΦ(k) is called the primordial power spectrum
7 (PPS) and is de-
fined as the two point correlation function of the primordial gravitational fluctuations
PΦ(k) ≡ 2pi
2
k3
〈Φ(k)2〉. (1.56)
The PPS is usually parametrised as a power law of the form
PΦ(k) = As
(
k
k∗
)ns−1
. (1.57)
As is the amplitude of scalar fluctuations and ns is the spectral index. The transfer
function, ∆`(k) contains the solutions of the Boltzmann equations and projection
factors to compute the angular power spectrum. It is usually separated into a source
function, S(k, τ) and a projection factor, P`(k, τ), of the form
∆X` (k) =
∫
dτ SX(k, τ)P`(k, τ). (1.58)
The source function contains the other cosmological parameters such as the energy
densities of the different particle species, the Hubble constant etc.
We can briefly explore the effect some of the cosmological parameters have on the
CMB temperature anisotropies.
7We have added a Φ subscript here to distinguish the primordial power spectrum from the matter
power spectrum that is defined later in this chapter. In subsequent chapters on the initial conditions
we will use P (k) for the primordial power spectrum as the matter power spectrum is not mentioned
in those chapters.
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Figure 1.8: The left figure shows how Baryons effect the CMB peaks. They predom-
inantly effect the gravitational potential in which the acoustic oscillations happen.
The middle figure shows how dark matter effect the CMB peaks - predominantly by
changing the time of matter-radiation equality. The figure on the right shows how
the Hubble factor changes the CMB peaks.
• Ωbh2 : The baryonic density affects the amplitudes of the CMB peaks. Increas-
ing it will increase the amplitude of the first peak while it lowers the second
peak. Intuitively this is easy to understand as the first peak happens when the
first sound waves reaches its maximum compression and increasing the Ωb will
compress the sound wave more. However the second peak is due to rarefaction
(outward motion) of the sound wave and that is suppressed as the Ωb will add
gravity and act against the pressure of the radiation fluid. We see this in figure
1.5.
• Ωch2: Increasing the amount of dark matter means that overall there is more
matter in the Universe and thus matter-radiation equality happens earlier. This
means there is less time for the radiation fluid to oscillate and thus the peaks
are generally shifted down in their amplitude as is shown in figure 1.6.
• H0: The Hubble parameter can be inferred by the angular scale of the first
acoustic peak (as it affects the inferred distance to it). Thus, it isn’t directly
observed by the CMB, rather is inferred from angular size of the peak and
the measurement of Ωm (which defined the sound horizon). Thus changing H0
changes the location of the peaks as seen in figure 1.7. Interestingly this is also
the effect changing initial conditions has on the peaks of the CMB. For instance,
CDM isocurvature initial conditions lead to acoustic peaks that are shifted.
1.3.1.2 Polarisation anisotropies
Understanding the details of how polarisation is generated in the CMB is a complex
topic and thus we only describe it briefly here. More detailed derivations and cal-
culations can be found in [32]. The polarisation anisotropies are generated by the
quadrupole moment due to photon diffusion before last scattering. This is typically
much smaller in amplitude when compared to the temperature anisotropies as the
photon distribution is mostly isotropic. There are two times at which there is a local
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quadrupole anisotropy in the photon distribution that can generate polarisation: once
at recombination and once at reionisation [3, 33].
The formalism to describe polarisation is given by decomposing the polarisation
tensor of the electric field, ~E, in terms of the Stokes parameters I,Q and U (defined
in Cartesian coordinates below),
Pij ∝ 〈| ~E|2〉 ∝
(
I +Q U
−U I −Q.
)
I ≡ 〈|Ex|2〉+ 〈|Ey|2〉
Q ≡ 〈|Ex|2〉 − 〈|Ey|2〉
U ≡ 〈2Re(ExE∗y)〉. (1.59)
We have implicitly assumed there is no circular polarisation here. Polarisation is
a spin 2 field and thus it can be decomposed in spin weighted spherical harmonic
functions, ±2Y`m as follows
Q(nˆ)± iU(nˆ) =
∑
`,m
(E`m ± iB`m)±2Y`m(nˆ). (1.60)
Scalar perturbations can only generate temperature and E-mode perturbations. Fur-
thermore, since E-modes have even parity, they can be correlated with the tempera-
ture anisotropies to give the cross correlation between the temperature and E-mode
polarisation photons across the sky. B-mode polarisation can only be generated by
primordial vector or tensor perturbations. We won’t discuss vector perturbations here
however a description of them can be found in [30, 32]. We discuss tensor perturba-
tions in more detail in chapter 3 when we discuss decaying tensor modes, however
the reason they are usually considered interesting is that they can be generated in
a pre-radiation phase of inflation and thus provide a signature of very high energy
physics that could have described our Universe at such an early stage of its evolution.
Interestingly, the B-modes have an odd parity and therefore at leading order they do
not have a cross correlation term with the E-modes or temperature anisotropies. As
B-modes can only be generated by tensor fluctuations (or in principle also vectors,
however as mentioned before, we will not consider them here), detecting them could
be sign of primordial gravitational waves. They can also be produced by lensing of
CMB photons and thus to disentangle the primordial B-mode signal we need to ac-
curately model the lensing signal as well. The anisotropies for polarisation can also
be written in the form of Eq 1.55.
1.3.2 Galaxy clustering
Once the Universe is in matter domination, the primordial density perturbations
seeded in the early Universe start to collapse under gravity and form compact struc-
tures such as galaxies. At a fundamental level we can describe this by tracking the
evolution of the gravitational potentials from early times to late times and then re-
lating them to the density perturbations using Poisson’s equation. The evolution of
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the primordial gravitational potentials in the Newtonian gauge, ΦP , to the late time
gravitational potential is given by
Φ(~k, a) =
9
10
ΦP (~k)T (k)
D(a)
a
. (1.61)
where T (k) is the transfer function defining the scale independent transition from
radiation to matter dominated eras of different k modes. The transfer function has
to be calculated numerically and Boltzmann codes are used for that. There are also
numerical fitting functions for the transfer function such as the commonly used BBKS
transfer function [34]:
T (x = k/keq) =
ln[1 + 0.171x]
0.171x
[
1 + 0.284x+ (1.18x)2 + (0.399x)3 + (0.490x)4
]−0.25
(1.62)
The growth factor D(a) accounts for the overall growth as a function of time of
fluctuations. Using Poisson’s equation in Fourier space we can relate the gravitational
potential to the density perturbations δ
Φ(~k, a) =
4piρma
2δ
k2
(1.63)
using ρm =
Ωmρcr
a3
and 4piGρcr =
3
2
H20 we can write
δ(~k, a). =
3
5
k2
ΩmH20
Φp(~k)T (k)D(a). (1.64)
To fully solve for the dynamics of the density matter perturbations one would need to
solve the full set of coupled Boltzmann equations. As we discussed in the context of
CMB anisotropies, we cannot make predictions about individual density perturbations
as we only know about the probability distribution they come from, which in the case
of density perturbations is assumed to be Gaussian. Thus the canonical approach is
to calculate the two point correlation function of the density perturbations. In Fourier
space this is called the power spectrum, P (k, a), which can be calculated from Eq
1.64
P (k, a) = 2pi2As
kn
Hn+30
T 2(k)
(
D(a)
D(a = 1)
)2
. (1.65)
Equivalently, one can define the dimensionless power spectrum
∆2(k, a) ≡ k
3P (k, a)
2pi2
. (1.66)
Now we have shown how the matter power spectrum of the matter density perturba-
tions can be calculated. Figure 1.9 shows the matter power spectrum for the standard
ΛCDM model at redshift zero. However, there remains an obvious question which is
how can we measure the density perturbations. Of course, they cannot be observed
directly, instead the best we can do is to look for things that correlate or trace the
underlying density perturbations. An obvious candidate, in the late Universe once
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Figure 1.9: Matter power spectrum in ΛCDM model at redshift zero.
structures have started to form, are galaxies. Thus we need to find a way to relate
the matter density power spectrum to an observable related to the observed galaxies.
In a galaxy survey, one can observe galaxies at different locations in the sky across
various depths (or redshifts). Thus we can correlated the angular positions of galaxies
in the sky and relate that to the underlying density perturbations.
A galaxy at comoving distance χ(z) can be described by a three dimensional
vector, as shown schematically in figure 1.10 and can be written as
~x(χ(z), ~θ) = χ(z)(θ1, θ2, 1). (1.67)
Here we have assumed a flat sky and defined the angular vector ~θ ≡ (θ1, θ2).8 We can
define the two dimensional overdensity, δ2, at location ~θ as the integral over the line
of sight of the three dimensional density
δ2(~θ) ≡
∫ χ∞
0
dχW (χ)δ(~x(χ, ~θ)). (1.68)
Here we have defined a selection function which accounts for the redshift distribution
of the sample. For instance, in a galaxy survey there will be some galaxies that are
faint and will not be detected. This function is normalised as∫ χ∞
0
dχ W (χ) ≡ 1. (1.69)
8This approximation breaks down when galaxies are not close to the z axis.
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Figure 1.10: Angular position of galaxies observed in a galaxy survey.
We can perform a two dimensional Fourier transform of the two dimensional density
field as follows
δ˜2(~l) =
∫
d2θe−i
~l·~θ δ2(~θ), (1.70)
where ~l is the conjugate variable to ~θ. The two-dimensional power spectrum is defined
analogously to the three dimensional power spectrum
P2(l) ≡
∫
d2l′
〈δ˜2(~l)δ˜∗2(~l′)〉
2pi2
. (1.71)
We have assumed SO(2) symmetry in writing this equation and also assumed all
modes are independent. Using Eq 1.68 and performing a series of integrals, Eq 1.71
can be written in terms of the three dimensional power spectrum and the selection
function.
P2(l) =
1
l
∫ ∞
0
dk P (k) W 2(l/k). (1.72)
Equivalently in real space we have
w(θ) ≡
∫ ∞
0
dk k P (k) F (k, θ),
F (k, θ) ≡ 1
k
∫ ∞
0
dl
2pi
J0(lθ)W
2(l/k) (1.73)
where F (k, θ) is the kernel of the angular correlation function where J0(lθ) is the
Bessel function of order zero (that comes from the inverse Fourier transform).
Thus far we have focused on calculations based on the underlying density pertur-
bations. In a galaxy survey we can only measure the number of galaxies at a given
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redshift and position nˆ in the sky. This can be related to the underlying density field
as follows [35]
δz(nˆ, z) ≡ ρ(nˆ, x)− 〈ρ〉(z)〈ρ〉(z) ,
=
N(nˆ, z)− 〈N〉(z)
〈N〉(z) −
δV (nˆ, z)
V (z)
. (1.74)
Where we have defined the volume mapped by a survey at a given redshift as V (nˆ, z).
The perturbations in the metric will change the volume observed at a given location
(for instance the lensing of photons will distort the past light cone as seen by an
observer on Earth). This change be parameterised as
V (nˆ, z) ≡ V (z) + δV (nˆ, z). (1.75)
Thus we can define
∆(nˆ, z) ≡ N(nˆ, z)− 〈N〉(z)〈N〉(z) = δz(nˆ, z) +
δV (nˆ, z)
V (z)
. (1.76)
The ∆(nˆ, z) can be directly observed and the theoretical computation of it follows an
analogous calculation to the one we did to obtain Eq 1.30. We do not reproduce the
calculation for the ∆(nˆ, z) here due to its length and complexity, it can be found in
[36, 35]. The final result, to leading order in perturbations, is
∆(nˆ, z) = Dg + Φ + Ψ +
1
H
(
Φ˙ + ∂r(~V · nˆ)
)
+
(
H˙
H2 +
2
rSH
)(
Ψ + ~V · nˆ+
∫ rS
0
dλ (Φ˙ + Ψ˙)
)
+
1
rS
∫ rS
0
dλ
(
2− rs − r
r
∆Ω
)
(Φ + Ψ) (1.77)
where the S index stands for the source, Dg is the density fluctuation on a uniform
curvature hypersurface and
∆Ω ≡
(
cotθ ∂θ + ∂
2
θ +
1
sin2 θ
∂2φ
)
. (1.78)
Using Eq 1.77 we can directly compare theoretical predictions to observed values from
a galaxy survey. As we are interested in the statistical properties, it is common to
decompose the observed number density field in spherical harmonics and compute
the angular power spectra of the galaxy number density, which takes the form of Eq
1.55. In the case of galaxy number counts, the transfer function is given by Eq 1.77
convolved with the appropriate projection factors. These can also be found, with full
derivations, in [36].
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Figure 1.11: Schematic effect of lensing of photons.
1.3.3 Galaxy lensing
In addition to the density field, we can define the shear field which describes the effect
of lensing of photons due to matter between a galaxy and an observer. To understand
the concept of shear we can start with the sketch shown in figure 1.11.
A photon arriving at earth from a galaxy with intensity Itrue from direction ~θS is
observed on earth coming from direction ~θ and intensity Iobs such that
Iobs(~θ) = Itrue(~θS). (1.79)
The cosmological information is contained in Itrue and ~θs and thus we need to relate
these to the observed values. The observed angle can be related to the true angle by
using the spatial component of the geodesic equation
∂2λx
i = −Γiαβ∂λxα∂λxβ. (1.80)
Here λ is the affine parameter for the photons. If we use the Newtonian metric given
in Eq 1.23 and using dχ
dλ
= dχ
dt
dt
dλ
we get
~θS = ~θ + 2
∫ χ
0
dχ′
∂Φ
∂~x
(~x(χ′))
(
1− χ
′
χ
)
. (1.81)
The relation between the observed and true angles is canonically parametrised by
Aij ≡ ∂
~θS
∂~θ
≡
(
1− κ− γ1 −γ2
−γ2 1− κ+ γ1
)
. (1.82)
κ describes how much the source image is magnified due to lensing and is called the
convergence field. The γ1/2 describe the change in shape of the galaxies. Collectively
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the γ1, γ2 are components of the shear field and are defined as
γ1 = −A11 − A22
2
,
γ2 = −A12. (1.83)
As with other observables, we are interested in the statistical properties of the shear
and convergence fields and thus we need their correlation function/power spectra.
For the shear field, since we are interested in deflection of photons, it is natural to
define a new tensor, called the distortional tensor
ψij ≡ Aij − δij (1.84)
where δij is the identity matrix. The distortion tensor can be written in terms of the
distribution function W (χ), normalised as
∫
dχW (χ) = 1, which parametrises the
distribution of redshifts in a given survey,
ψij(~θ) =
∫ χ∞
0
dχ
∂Φ
∂xi∂xj
(~x(χ))g(χ),
g(χ) ≡ 2χ
∫ χ∞
χ
dχ′
(
1− χ
χ′
)
W (χ′). (1.85)
It is assumed that the distortion is zero on average, 〈ψij〉 = 0. The power spectra for
the distortion field and the convergence field are then given by
P ijlmψ (
~l) =
∫ χ∞
0
dχ
g(χ)2
χ2
liljlllm
χ4
PΦ(l/χ),
Pκ(l) =
l4
4
∫ χ∞
0
dχ
g(χ)2
χ6
PΦ(l/χ). (1.86)
These quantities can be computed from observed galaxy data by using ellipticity as
a tracer of the shear field. The fundamental estimator of shear is the quadrupole
moment of an image9
qij ≡
∫
d2θIobs(θ)θiθj. (1.87)
In a circular image qxx = qyy, qxy = 0. The two canonical estimators for shear are
therefore given by
1 ≡ qxx − qyy
qxx + qyy
≈ 2γ1,
2 ≡ 2qxy
qxx + qxy
≈ 2γ2. (1.88)
By calculating 1, 2 from images of galaxies, we can get a statistical measure of the
shear field10.
There are several other probes of cosmology such as measurements of supernovae,
intensity mapping, gravitational waves etc. However, as we do not use these probes
directly in the work presented here, we do not elaborate further upon them.
9The dipole can always be set to zero by using translation symmetry and centering the image at
the origin of the θx - θy axis.
10It is also common to decompose the shear into an E and B mode as it is also a spin 2 field.
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1.4 Statistical methods for cosmology
1.4.1 The two schools
In simple terms, the goal of any scientific experiment is to test a given hypothesis.
There is some general model that we think describes the Universe and we want to
test if this model is correct by comparing it to observational data. This can be broken
down into two questions; the first is to constrain the free parameters of the model (if
indeed it has any) and second is to check how well the model fits the data.
There are two classical frameworks in statistics that can be used to test hypothesis
and fit parameters with observed data: the frequentist approach and the Bayesian ap-
proach. The fundamental difference between the two approaches is the interpretation
of probability. In the frequentist framework probability is interpreted as relative fre-
quencies in experiments with many trials. On the other hand, the Bayesian framework
defines probability as the a figure of belief in a given event or situation happening.
This belief can be updated based on new events or data and this update is defined
by Bayes rule.
Interestingly, within physics there are some subjects that naturally lend themselves
to a frequentist or Bayesian approach. In particle physics there is a vast amount of
data from particle accelerators that can be repeated many times under controlled
conditions and thus most of the statistical analysis is done in frequentist framework.
The data sets in cosmology are very different. For example, the CMB is unique thus
inferences drawn from the CMB photons don’t have a natural interpretation in the
frequentist framework and the analysis is done in a Bayesian framework. This is also
true for other cosmological data sets and therefore from now on we will focus on
Bayesian analysis.
1.4.2 Bayesian analysis
Bayes theorem follows trivially from the product rule of probabilities which states
P (A ∩B) = P (A|B)P (B), (1.89)
or in words: the probability of A and B is given by the probability of B happening
times the probability of A happening given than B has happened. It is obvious that
reversing the order of A and B should have no effect, i.e P (A ∩ B) = P (B ∩ A).
Rewriting this equality using Eq 1.89 gives Bayes theorem
P (A|B) = P (B|A)P (A)
P (B)
. (1.90)
This simple equation has been at the heart of all cosmological analysis and is respon-
sible for what we understand about our Universe today from an empirical point of
view. The terms in this equation are usually defined as follows:
• P (A|B) is called the posterior probability distribution function. Obtaining this
distribution is typically the end goal of a Bayesian analysis as it allows one
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to measure the statistical properties of the quantity of interest, in this case A
(which represents cosmological parameters in our case).
• P (B|A) is called the likelihood function. In cosmological analysis this requires
a forward model that can computes the theoretical predictions (such as the
temperature anisotropies in the CMB) from cosmological parameters.
• P (A) is called the prior probability distribution function. This encompasses
previous beliefs about A. For instance it could account for certain physical
properties of the cosmological parameters (such as some of them having to be
positive).
• P (B) is called the Bayesian evidence. This is the probability of getting an
observable B given all possible values of the parameters A.11
The typical situation in cosmology is that we have a theoretical model T that describes
the Universe. In our case it is the ΛCDM model. The model contains a set of free
parameters, ~θ (such as the densities of different particle species, the Hubble parameter
etc), that have to be fit to the observed data D. There is a natural way to extract
information about cosmological parameters from obervational data sets using Bayes
theorem as follows
P (~θ|D) = P (D|
~θ)P (~θ)
P (D)
. (1.92)
The goal is to find the values of the cosmological parameters that best fit observed
data. A crucial component of cosmological inference in a Bayesian framework is the
likelihood function, often just called the likelihood. We describe how some of the
likelihoods used in cosmology are derived and then briefly describe the role of priors
and Bayesian evidence.
1.4.3 Likelihoods in cosmology
The likelihood function is often written as
L(~θ) = P (D|~θ). (1.93)
The r.h.s is the probability of getting a data set D given a value of ~θ. Therefore the
likelihood is a function of ~θ however it is not a probability distribution function of ~θ
as it is not normalised over ~θ, rather it is normalised over D.
In order to get the value of the parameters ~θ from a given sample of data, we need
to write down an estimator of θ. A common choice for estimators is the maximum
likelihood estimator (MLE)
~θMLE ≡ max
~θ
[L(~θ)]. (1.94)
11Mathematically this is written as follows
P (B) =
∑
i
P (B ∩Ai) =
∑
i
P (B|Ai)P (Ai). (1.91)
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This can be obtained by setting the first derivative of the likelihood to zero and the
ensuring the second derivative is negative. For optimisation tasks it is often easier to
work with the logarithm of the likelihoods and that is what we will focus on from now
on. The form of the likelihood function is determined by the statistical properties
of the data being used. In cosmology we assume the data sets, for instance the
temperature/polarisation anisotropies in the CMB, the distribution of galaxies etc.,
can be modelled as multivariate Gaussian random fields. Therefore we only need
to estimate the mean and covariance of the data to get an accurate measure of the
likelihood. The likelihood can then be written as follows
L = exp
[−1
2
XTC−1X
]
√
2piC
,
X ≡ D− T(~θ),
C ≡ 〈XXT 〉, (1.95)
here we have defined T(~θ) as the theory vector that is computed given the cosmolog-
ical parameters and a forward model, which for us is the ΛCDM model. This form of
the likelihood holds for any field that follows a Gaussian distribution. The canonical
argument for assuming a Gaussian form for likelihoods is the central limit theorem
which states that the distribution of a large sample of independent events will tend
to a Gaussian distribution. The covariance matrix needed to evaluate the likelihood
is potentially computationally very expensive to compute and invert. Therefore, it is
often assumed that the covariance matrix can be evaluated at a fixed point in param-
eter space while the theoretical prediction will be different for different parameters.
We explore how good this approximation is for various likelihoods used in cosmology
in chapter 5.
1.4.4 Inference
Having discussed the likelihood, we must remember that we are actually interested in
the posterior probability distribution of the cosmological parameters which is related
to the likelihood via Bayes theorem shown in Eq 1.92. In addition to the likelihood
we also need to address the priors and the evidence terms. The first thing to note
is that the evidence term is only there to normalise the posterior to one and thus it
can be ignored when it comes to optimisation problems related to the cosmological
parameters. It is typically used for model selection purposes; a model with a higher
Bayesian evidence is a preferred model. For the prior one can use physical knowledge
or lack of knowledge to give the form it takes. For instance, suppose any value a
parameter can take is equally likely. In this case the prior is assumed to be a constant
value, sometimes called an uninformative or flat prior. Under this assumption the
likelihood is proportional to the posterior and optimising the likelihood is equivalent
to optimising the posterior. In general, when the priors have a functional form and
are not just constant, the peak of the likelihood is not guaranteed to correspond
to the peak of the posterior. There is a well established method for obtaining the
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posterior distribution for cosmological parameter which is the Markov Chain Monte
Carlo (MCMC) method.
1.4.4.1 MCMC
In order to obtain a form of the posterior we need to able to sample a distribution
of points from the parameter space. An MCMC algorithm gives a procedure to
obtain this distribution of samples. In order to get a reasonable estimate for the full
posterior distribution we must have enough samples from the underlying distribution
function. This can become very large in high dimensional parameter spaces. Typically
the number of points scales exponentially with the number of parameters and the
standard ΛCDM model has order 10 parameters. If we choose 1000 points for each
parameter, for 10 parameters we will need to compute 1030 points to effectively sample
the posterior. If each computation takes 10−3 seconds, it will take 1027 seconds to
run such a computation which is roughly 1010 larger than the age of the Universe.
Therefore MCMC requires smarter ways to sample the underlying the distribution.
One of the crucial properties of a Markov chain is that it converges to a stationary
state where after some number of iterations, called burn-in phase, the chain contains
samples from the posterior distribution. This guarantees that we will eventually
converge to the distribution we are interested in. The work presented in this thesis
does not use MCMC explicitly at any point (although it is mentioned a few times)
and thus we do not discuss the sampling methods in detail. Comprehensive reviews
of MCMC can be found in [37, 38, 39].
1.4.4.2 Fisher analysis
An MCMC analysis is done when we have experimental data and theoretical pre-
dictions of a model. However, it is often useful to get an estimate of how well an
experiment can constrain parameters before building it (to get an idea of how im-
pactful it will be). A method to do this is called Fisher analysis and has been used
in cosmology for over 20 years [40, 41].
For constant priors, maximising the posterior is equivalent to maximising the
likelihood for the parameters we are interested. The value of the parameters that
maximise the likelihood, ~θMLE, are defined by[
∂L
∂~θ
]
~θMLE
= 0. (1.96)
To find the maximum likelihood point we can Taylor expand the derivative of the
likelihood around some initial guess ~θ0 and then use a root finding algorithm, such
as the Newton-Raphson method to approach the maximum likelihood point. As
discussed before, it is often easier to work with the log-likelihood and so we can work
with that from now. Expanding the log-likelihood gives[
∂ ln(L)
∂~θ
]
~θMLE
=
[
∂ ln(L)
∂~θ
]
~θ0
+
[
∂2 ln(L)
∂~θ2
]
~θ0
(
~θ0 − ~θMLE
)
+O
((
~θ0 − ~θMLE
)2)
(1.97)
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A quantity of particular interest here is the second derivative of the log-likelihood.
If the likelihood is being expanded around the maximum likelihood parameters, then
the first derivative of the likelihood is zero and the second derivative gives a measure
of how quickly the parameters change affects the likelihood value. Thus, it is actually
a measure of the errors of the parameters: if the curvature is large then the data is
very constraining, i.e a small change in the parameters will lead to a large change in
likelihood value. The second derivative of the likelihood is defined as the curvature
matrix,
F ≡ −∂
2 ln(L)
∂~θ2
. (1.98)
If we sample the likelihood many times then the mean curvature gives an estimate
of the errors. The Fisher matrix is defined as the ensemble average (over signal and
noise) of the curvature matrix
F ≡
〈
−∂
2 ln(L)
∂~θ2
〉
. (1.99)
The covariance matrix is given by the inverse of the Fisher matrix and gives a measure
of the uncertainty in the parameters. In general the Fisher matrix can be computed
at any point in parameter space and it will then inform us how well that set of
parameters will be constrained. If the likelihood is Gaussian, as shown in Eq 1.95,
then
√
F−1 will give the lowest possible errors on the parameters12. It is important
to realise that the Fisher information does not provide any information about how
well the parameters fit the data, it merely gives the errors with which the parameters
can be measured with. Thus, it always relies on independent information about the
best fit parameter values.
Even with this limitation the Fisher matrix can be a very useful object as it allows
us to know how well a set of parameters can be measured in an experiment before
doing the experiment itself. This is often the case in cosmology as we want to know
how much constraining power a particular cosmological survey can have. An even
more interesting question to ask is how well a given set of parameters can be measured
in principle. We will return to this question several times when analysing the initial
conditions of the Universe.
1.5 Overview of thesis
The thesis has four main chapters based on the work in four papers [42, 43, 44, 45]
and a concluding chapter that gives the summary of all the work presented in this
thesis and potential future works.
• Chapter 2 is based on [42]: Describes the most general initial conditions for
the scalar perturbations in our Universe. The novelty in this work is the model
independent, non-parametric, Fisher analysis of the decaying modes in adiabatic
perturbations.
12This is known as the Cramer-Rao inequality [38].
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• Chapter 3 is based on [43]: Describes the most general initial conditions for the
tensor perturbations in our Universe. We examine the decaying mode solution
for tensors and see how it effects the CMB anisotropies. This has never been
considered before and then we also perform a Fisher analysis similar to Chapter
3.
• Chapter 4 is based on [44]: Proposes a novel observable in the clustering of
galaxies that arises due to screened modified gravity theories. The two point
correlation function of different types of galaxies (i.e bright or faint galaxies)
is calculated in the presence of screened modified gravity theories and a novel
parity breaking component is shown to be present.
• Chapter 5 is based on [45]: This work attempts to quantify the effect of a
long standing assumption of cosmological analysis, which is that the covariance
matrix used in a likelihood is fixed. This is not true in general and we quantify
this effect using analytic and numerical analysis of covariance matrices used in
large-scale structure analysis.
• Chapter 6 contains a summary of all the work and the key results from the other
chapters. It also contains a brief description of ongoing and future projects
related to work presented in this thesis.
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Chapter 2
Initial conditions of the universe:
A sign of the sine mode
2.1 Introduction and historical context
Our current understanding of the Universe builds upon a widely accepted standard big
bang model, in which the Universe starts out in a hot and dense radiation dominated
phase. Precise initial conditions and an explanation of the homogeneity and isotropy
of the large scale Universe are required to match current observations. An epoch of
cosmological inflation has been the most widely accepted extension to the standard
big bang model that could potentially resolve these issues. Most importantly, it
provides a natural way to generate small perturbations in the metric and densities of
particles that manifest themselves as the temperature and polarisation anisotropies
in the cosmic microwave background (CMB) and density fluctuations that eventually
grow into the large scale structure, which have been studied extensively over the last
few decades [46, 47]. The simplest models of inflation predict Gaussian adiabatic
initial conditions for the radiation dominated era. However these are not the only
possible initial conditions. .
After neutrino decoupling at around z ∼ 109, the universe contains baryons, pho-
tons, dark matter and neutrinos. Each of these species has an equation governing its
perturbations which are described by second order partial differential equations. In
total there are 8 possible solutions for the densities of the particles that can exist in
the early universe; two corresponding to each species [48, 49, 50, 51, 52, 53]. These so-
lutions fall into two general classes, adiabatic or curvature and entropy or isocurvature
fluctuations. The adiabatic solutions are defined as the solutions of the differential
equations in which the densities and velocities of all the particle species are the same.
These are known as curvature perturbations as they correspond to an overall shift in
the curvature of spacelike surfaces. On the contrary, the isocurvature perturbations
correspond to solutions where the fractional density and/or velocities of the particle
species is not the same on spacelike surfaces. Thus isocurvature perturbations are
defined between any two species. For example, there can be a relative difference in the
densities or velocities of the baryons and cold dark matter. Canonically the isocurva-
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ture is defined as the fractional difference in particle species to the photon density. In
general there can be isocurvature between any of the particle species and therefore the
most general initial conditions are given by a set of five possible linear combinations
of modes: Adiabatic modes, CDM isocurvature, Baryon isocurvature, Neutrino den-
sity isocurvature and Neutrino velocity isocurvature [48, 51, 52, 53]. There have been
many attempts to constrain the amplitude of these general set of initial conditions
and most studies show that the amplitude of isocurvature fluctuations must be much
smaller than the amplitude of adiabatic fluctuations [54, 55, 56, 57]. There is a further
class of isocurvature known as compensated isocurvature in which there are isocurva-
ture fluctuations due to both baryons and dark matter. This type of isocurvature has
been shown to be more compatible with current observations [58, 59, 60].
In this study we do not consider isocurvature modes, instead we analyse the struc-
ture of adiabatic modes. Since the differential equations that govern all perturbations
are second order differential equations, even for the adiabatic solution, there are two
possible modes. One is called the decaying mode and the other is the more familiar
growing mode. These names are motivated by the early time, super-horizon behaviour
of these modes, as the decaying mode has a decaying behaviour whereas the growing
mode remains constant. The amplitude of these modes is usually set initially during a
pre-radiation dominated era. Since the perturbation solution is a linear combination
of each of these modes, both of these modes will be sourced by any pre-radiation phase
that gives rise to adiabatic initial conditions.
The decaying mode is qualitatively different to the growing mode as its amplitude
is time dependent even on super-horizon scales as shown in Fig. 2.1. Furthermore,
since we are not directly able to measure super-horizon modes it may also be sensible
to define these modes by their sub-horizon behaviour. On sub-horizon scales, both
of these modes are described by oscillatory functions. In a pure radiation Universe,
the decaying solution is a sine wave and the growing solution is a cosine wave. We
will use the names sine(cosine) modes or decaying(growing) modes interchangeably
throughout this chapter. While it is difficult to source decaying modes from infla-
tion, there are scenarios in which they might be generated. Specifically, there have
been many studies of bouncing and cyclic universes in which decaying modes can be
sourced. In particular growing modes in a pre-bounce contracting phase can become
decaying modes in the post-bounce expanding phase [61, 62, 63, 64, 65]. There is cur-
rently no consensus on how the modes are matched across a bounce as this involves
understanding the quantum behaviour of the fields causing the bounce in the large
curvature regime. There have been some recent attempts at computing the propaga-
tion of perturbations across a bounce both classically and quantum mechanically in
[66, 67] which suggest decaying modes could be present. More recent studies of the
perturbations have gone beyond the leading order expansions and have shown that
the decaying modes will also be sourced at second order in perturbation theory (for
example from the neutrino velocity mode as it sources anisotropic stress) even if at
leading order one only keeps growing modes [50]. Instead of studying a particular
scenario in detail we instead use the studies above as motivation to study decaying
modes in general.
There has only been one study [68] which has attempted to analyse the effect of
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Figure 2.1: Schematic diagram showing that in general both the decaying and growing
modes should be sourced by whatever pre-radiation dominated era sets the initial
conditions of the universe. The amplitude of the decaying mode is time-dependent
and therefore the amplitude of the decaying mode at recombination is very sensitive
to the initial time the amplitudes are set. The amplitude is in log(linear) scale for
the super(sub) horizon modes. While the numerical value of the amplitude appears
to diverge super-horizon, it does not lead to divergent observable constraints.
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decaying modes and our aim is to further elaborate and build on this analysis. In this
study we quantify how large the amplitude of these decaying modes can be irrespective
of how they are sourced. We do this by finding the Fisher information in each bin of k
in the decaying mode power spectrum, similar to what is done in studies that attempt
to reconstruct the power spectrum for the growing mode [69, 70, 71, 72, 73]. This
gives a direct handle on the fraction of decaying modes present on all scales in the
universe at the time of recombination. We will show the constraints on the decaying
mode power spectrum that come from using both the temperature and polarization
angular power spectrum of the CMB.
The chapter is organised as follows. In section 2.2 we present an intuitive explana-
tion for the growing and decaying modes in a pure radiation universe. We then extend
this analysis to the describe the initial conditions in general in both the Synchronous
and Newtonian gauge to analyse the gauge dependence of the gravitational poten-
tials and confirm the time dependent behaviour of decaying modes on super-horizon
modes. With the time dependence established we provide a normalisation procedure
of decaying modes on subhorizon modes. In section 2.3 we describe our formalism
to constrain the power in the decaying modes using a Fisher matrix formalism and
present the results. We conclude and address possible future directions in 2.4
2.2 Theory of the decaying mode
2.2.1 Review of radiation domination
The equations that govern the evolution of the perturbations in standard cosmology
are the perturbed Einstein equations. In homogenous and isotropic models of the
universe, the solution to the Einstein equations is given by the Friedmann-Robertson-
Lemaitre-Walker (FRLW) metric. In the Newtonian (N) gauge, the perturbed FRLW
metric for scalars is parametrised by
ds2N = a(τ)
2
(−dτ 2N(1 + 2Φ) + dxiNdxjNγij(1− 2Φ)) . (2.1)
Here a(τ) is the conformal scale factor and γij is the flat three dimensional metric
on spatial hyper-surfaces. This parametrisation of the metric is particularly useful to
analyse the physical behaviour of perturbations as it is directly related to the gauge
invariant Bardeen potentials, Ψ = ΨB,Φ = −ΦB [74]. The equation of motion for the
gravitational perturbations in the presence of a pure radiation fluid in the Newtonian
gauge, in the absence anisotropic stress, is given by [75]
Φ′′ + 3H(1 + c2s)Φ′ − c2s∇2φ+ (2H′ + (1 + 3c2s)H2)Φ = 4piGa2τδS. (2.2)
Here H ≡ a′/a is the conformal Hubble parameter and δS is a source term (See
Eq. (5.22) in [75] for full definitions). The source term is generated by isocurvature
fluctuations and thus is zero for a pure adiabatic solution. If we restrict ourselves
to the radiation dominated era of the universe and without isocurvature, Eq (2.2)
simplifies to
φ′′k +
4φ′k
τ
+
k2φk
3
= 0, (2.3)
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which has a simple solution
φk = Ak
j1(x)
x
+Bk
n1(x)
x
. (2.4)
The amplitudesAk andBk are set by the initial conditions for the differential equation,
which are the initial conditions for our universe. The k index shows that the amplitude
can be different for different k’s. Here we have defined x ≡ kτ√
3
. The j1(x) and
n1(x) are the Bessel and Neumann functions of order 1 respectively. The term with
the Bessel (Neumann) function is the growing (decaying) which have a cosinal and
sinusoidal oscillation respectively. It is illuminating to look at the asymptotic limit
of these modes. At early times on super-horizon scales, i.e. x  1, the potential
becomes
φk(x 1) = Ak
3
+
Bk
x3
. (2.5)
Here we see that the decaying mode diverges as x→ 0. Furthermore, in most models
of inflation the decaying mode will be suppressed by O(e3N), where N is the number
of e-folds, as the curvature perturbations in inflation will have their amplitudes set at
a much earlier time. These are the main reasons behind most cosmological analysis
assuming Bk = 0. We also see that the growing mode is a constant on super-horizon
scales. The usual procedure is to match the primordial curvature perturbation Rk
to the amplitude of Ak, i.e Rk(τ = 0) = −32φk(τ = 0). Now lets analyse the large x
limit (sub-horizon limit)
φk(x) = −
(
Ak
sinx
x2
+Bk
cosx
x2
)
. (2.6)
Here we see that both modes simply oscillate at late times on sub-horizon scales.
Thus if there was any remaining non-negligible amount of decaying mode amplitude
on sub-horizon scales, it would not decay away. It is therefore sensible to ask how
large the amplitude of such a decaying mode has to be to lead to observable effects (or
similarly, constrained by the data). That is the main question we set out to answer
in this chapter.
2.2.2 CMB anisotropies
The angular power spectrum of the CMB anisotropies is given by [76]
CXY` =
∫ ∞
0
d ln k PXY (k)|∆X` (k)∆Y` (k)| (2.7)
Here P (k) is the primordial power spectrum of curvature perturbations. X, Y ∈
{T,E} where T,E stand for temperature and polarization respectively. ∆X` (k) is
either temperature or polarization transfer function for adiabatic modes. In general,
the transfer functions are computed using a line of sight approach by separating out
the geometric projection effects (that depend on `) and the physical effects coming
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from gravitational potentials and Doppler effects [77]. On large scales the source func-
tion for temperature anisotropies is given by the gravitational potential, ∆T
T
≈ 1
3
Φ.
This effect is caused by photons from the CMB having to climb out of a gravita-
tional well and is called the Sachs-Wolfe (SW) effect. Thus, on large scales the CMB
power spectrum should directly see a change in the gravitational potential, such as
the change due to decaying modes in Eq. 2.5.
We can check this explicitly by implementing the initial conditions for the decaying
mode into the Boltzmann-solver CLASS [78] and in the synchronous (S) gauge these
are parametrised by
ds2S = a
2(τ)
(−dτ 2S + dxiSdxjS (γSij + hij)) . (2.8)
We will focus on scalar perturbations in this chapter and it is canonical to separate
hij into two scalars: its trace h and traceless 6η parts. The initial conditions in this
gauge are given by [68]
h(x, φ) = x2 + fGDx
3
2 sin ξ,
η(x, φ) = 2− 5 + 4Rν
6(15 + 4Rν)
x2 +
fGD
x
1
2
[
11− 16Rν
5
8
sin ξ +
5γ
8
cos ξ
]
,
δν(x, φ) = −2x
2
3
+ fGDx
3
2
[(
1
4Rν
− 2
5
)
sin ξ − γ
4Rν
cos ξ
]
,
Θν(x, φ) = − 23 + 4Rν
18(15 + 4Rν)
kx3 +
fGD
16Rν
kx
1
2
[(
−3− 72
5
Rν
)
sin ξ + γ
(
3− 8Rν
5
)
cos ξ
]
,
Θr(x, φ) = Θb = −kx
3
18
+
fGDkx
5
2
3(25 + γ2)
(γ cos ξ − 5 sin ξ) ,
σν(x, φ) =
4
3(15 + 4Rν)
x2 +
fGD
x
1
2
[
γ
2
cos ξ +
11− 16Rν/5
10
sin ξ
]
,
δr(x, φ) = −2
3
x2 − 2fGD
3
x
3
2 sin ξ,
δc(x, φ) = δb = −x
2
2
− fGDx
3
2
2
sin ξ, (2.9)
with the following definitions
ξ ≡ γ
2
log x+ φ; γ ≡
√
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5
Rν − 1,
x ≡ kτ ; Rν ≡ ρν
ρν + ργ
. (2.10)
The amplitude fGD is the ratio of the decaying mode to the growing mode. We have
defined the densities δi, velocities Θi for each of the species i ∈ {radiation (r), CDM
(c), Baryons (b), neutrinos (ν)}. σν is the quadrupole moment of the neutrino phase
space density and Rν is the relative energy density fraction of neutrinos. The physical
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reason for the neutrinos having a quadrupole is that they will have anisotropic stress
after they decouple. However this is also the case for the growing adiabatic mode
[49, 48], which can be obtained by setting fGD equal to zero in the Eq. 2.9. We
also note that the decaying mode has two independent variables fGD and φ. This is
because for decaying modes there is an additional equation of motion for the neutrino
distribution. This can easily be seen if one considers a pure radiation fluid coupled
to neutrinos, as was pointed out in [68]. It is known that the growing mode remains
constant on super-horizon scales. However this is not the case for decaying modes. We
have already seen this for a pure radiation universe in Eq. 2.6. The initial conditions in
the synchronous gauge do not make the time dependence(or independence) apparent
as it appears both growing and decaying modes are time dependent. However the
metric potentials η and h are not gauge invariant quantities. It is, therefore, better
to analyse the time dependence in the Newtonian gauge as the metric potentials
are directly related to the gauge invariant Bardeen potentials. We can switch to
Newtonian gauge by either solving the Boltzmann equations in the Newtonian gauge
or, as we are only interested in the behaviour of the gravitational perturbations, we
can relate the two metrics via,
gµν(N) = gαβ(S)
∂xα(S)
∂xµ(N)
∂xβ(S)
∂xν(N)
, (2.11)
where the variables with (N)/(S) are in the Newtonian / Synchronous gauge which
are defined in Eq. 2.1, 2.8 respectively. The relations between the metric potentials
can then be calculated to be
Ψ(x, φ) =
1
2k2
[
h¨(x, φ) + 6η¨(x, φ) +
a˙(τ)
a(τ)
(
h˙(x, φ) + 6η˙(x, φ)
)]
,
Φ(x, φ) = η(x, φ)− 1
2k2
a˙(τ)
a(τ)
[
]h˙(x, φ) + 6η˙(x, φ)
]
. (2.12)
Using these to evaluate the Newtonian potentials we get
Ψ(x, φ) =
20
15 + 4Rν
+
fGD
8x
1
2
(
6γ cos ξ − (9− γ2) sin ξ)+O(x− 52 )
Φ(x, φ) =
4(5 + 2Rν)
15 + 4Rν
+
fGD
40x
1
2
[(15γ cos ξ + (25− 16Rν) sin ξ) +O(x− 52 )
(2.13)
We see that for the growing mode, i.e when fGD = 0, the metric potentials are
constant. Whereas for the decaying mode, the potentials are clearly time dependent.
Thus, we need to specify the time at which the decaying modes start evolving as
the constraints we get on the amplitude will be depend on this time, as is shown in
Fig. 2.1. To get an idea of what the power spectrum of the decaying mode looks like
we have implemented these initial conditions in the CLASS Boltzmann code and the
resulting power spectra for the temperature, polarization and their cross spectrum are
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Figure 2.2: Angular power spectrum of the CMB temperature and polarization
anisotropies for the decaying modes. The different lines correspond to different values
of the decaying mode amplitude set according to the default values of initial condi-
tions in CLASS. The blue line represents only the growing modes, i.e the fiducial
value.
shown in Fig. 2.2. The initial conditions in these plots are set by the default CLASS
settings that can be found in [78]1. In Fig. 2.2 we have assumed a power spectrum of
the decaying mode to be analogous to the growing mode and set the spectral index
nDs = n
G
s = 0.96 while the amplitude is defined by the scalar amplitude A
G
s and the
fraction of decaying mode amplitude ADs = fGDA
G
s . We set φ = 0 and the rest of the
cosmological parameters are set to the fiducial values given in table 2.1.
There is a clear divergence on large scales which comes from the divergence of the
gravitational potential on super-horizon scales. The gravitational potential enters
the C`’s through the transfer function’s ∆`(k). These are (numerically) computed
using a line of sight integral [77] over the source function (which contains the Sachs
Wolfe, Doppler and Integrated Sachs Wolfe effect terms) convolved with a projection
function which is a Bessel function.
∆`(k) ≡
∫ τ0
τi
dτ ST (τ, k)j`(k(τ0 − τ)) (2.14)
Here τ0 is the time at recombination and τi is the time at which the initial conditions
are sourced. We show the transfer functions for ` = 2, 582 in Fig. 2.3.
The low `’s show the divergent behaviour for the decaying mode, whereas at
` = 582 we see that both modes are similar with the decaying mode having a lower
amplitude. The precise shape of the large scale transfer functions depends on the
smoothing scales used in the numerical integrator in the Boltzmann code, however
the the amplitude of the transfer function is the same up to O(few%) irrespective of
the numerical scheme. Furthermore, the observable effect and hence the constraining
power of each of these modes comes from the effect they have on the C`’s, which
are obtained by integrating over the transfer functions. This the reason we choose
1A summary of schemes used for setting the initial conditions is given in Fig. 10.
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As 2.3 ×10−9
h 0.6711
Ωbh
2 0.022068
Ωcdmh
2 0.12029
k∗ 0.05 Mpc−1
ns 0.9619
Neff 3.046
`max 2500
fsky 1
Table 2.1: Fiducial cosmological parameters and systematic parameters - these are
the values used throughout this chapter unless stated otherwise. These are chosen to
best fit the current CMB data - however as we are only interested in the difference
between the decaying and growing mode amplitudes, for the purposes of this stud,
the precise values of the rest of the cosmological parameters are not important.
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Figure 2.3: Transfer functions for growing and decaying modes for ` = 2, 582. These
scales are chosen to show that the decaying mode has most of its effect on large scales.
Furthermore, we also notice that how different k modes contribute to a given `, thus
even large `’s will be effect by the large scale decaying mode perturbations.
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the normalisation scheme shown in Eq 2.15, as that smooths over the oscillatory
transfer functions and is most directly related to the C`’s. This means a non-negligible
amplitude of the adiabatic perturbations could be in decaying modes if they are
generated at late times or on large scales. Furthermore a primordial power spectrum
with a large spectral index could also allow for a non-negligible contribution of the
decaying mode amplitude to the overall adiabatic perturbations.
Instead of focusing on setting the amplitude at early times, we use a renormalising
procedure to set the amplitude of the decaying modes. There are two reasons to
use this normalisation procedure. First, it provides a unique way to set the initial
conditions as the decaying modes are time dependent and the time dependence is
different in different gauges. For example the time dependence of decaying mode
metric potentials in the Synchronous gauge in Eq. 2.9 is clearly different from the
metric potentials in the Newtonian gauge in Eq. 2.13. Second, since both the growing
and decaying solutions are described by regular (non-diverging) functions on sub-
horizon scales we can set the amplitudes of the growing mode equal to that of the
decaying mode deep inside the horizon. This makes it easier to see the effect of
decaying modes that are set at late times as they would naturally be normalised on
sub-horizon scales.
The normalisation of the two modes is done in terms of the transfer functions
in k space as opposed to the transfer functions in ` space as we wish to isolate
the physical effects of the gravitational potentials (which show the behaviour of the
growing and decaying modes) from the projection effects. We equate the amplitudes
of the decaying and growing modes on all scales below the fiducial horizon scale
khorizon = 3 × 10−3 Mpc−1. In practice it is not easy to do this since the transfer
functions are highly oscillating functions. Our approach is to integrate the transfer
function for each ` for all k’s that are inside the horizon for both the growing mode and
decaying mode. This gives a renormalisation function which is stable up to O(10%).
In practice this is not very important anyway, as the constraints on the decaying
modes on large scales are several orders of magnitude greater than growing modes,
thus a few percent difference in the absolute amplitude of the decaying mode will
not change that constraint significantly. The ratio of these integrals will tell us the
normalisation for the decaying mode transfer function for a given ` that will ensure
the decaying mode will have the same amplitude as the growing mode on sub-horizon
scales. This would correspond to the case where the universe starts at τ1 in Fig. 2.1.
Thus the renormalised decaying mode transfer function can be written as
∆ˆD` (k) = ∆
D
` (k)Σ`,
Σl ≡
∫ kmax
khorizon
dk ∆G` (k)∫ kmax
khorizon
dk ∆D` (k)
. (2.15)
We know a-priori that this is the most conservative one can be as for decaying modes
to have the same amplitude as growing modes on sub-horizon scales they must have
a very large amplitude on super-horizon scales (at least for modes that entered that
horizon at early times) and thus they will be highly constrained. Any early universe
model that is responsible for generating the initial conditions can be renormalised
40
0 500 1000 1500 2000 2500
1.9
2.0
2.1
2.2
2.3
2.4
2.5
2.6
Renormalizing function
Figure 2.4: Renormalisation function defined in Eq (2.15)
in this way, thus allowing a direct comparison of the amplitudes of a model to our
results by simply applying the renormalization function in Fig. 2.4.
2.3 Analysis
There are a variety of ways to model the primordial power spectrum. The most
popular one, and the one which is normally constrained with data, is a power law with
an amplitude and spectral index. There are a variety of ways to look for deviations
from this. Here we take an unparameterised approach to constraining the decaying
mode to keep our findings as general as possible. For that purpose, we model the
power spectrum as a set of bins in k with an independent amplitude and constrain
the amplitude in each of those bins. The power spectrum is then given by
P (k, k0, ) =
{
P (k)(G) + 
(G) or (D)
k0
if k0 ≡ k
P (k)(G) otherwise
(2.16)
where P (k)(G) = A
(G)
s
(
k
k∗
)n(G)s −1
. We choose 100 values for k0 from an infrared
cutoff of 3×10−5 Mpc−1 to 3×10−1 Mpc−1 with the precise values for each bin shown
in Fig. 2.5.
To account for the information on smaller scales we would also need to account for
CMB lensing due to large scale structure which we know can change the temperature
power spectrum by O(20%) on scales below ` ∼ 3000, thus we do not look at larger
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Figure 2.5: k values at which we add power to the primordial power spectrum
`’s. This parametrisation allows us to look for features in the primordial power
spectrum that can arise by either the growing mode or the decaying mode. In the
case where the feature is due to the decaying mode, i.e (D) is added to the power
spectrum, we also use the decaying mode transfer functions to evaluate the C`’s.
Since the C`’s are a linear function of the power spectrum, the total C`’s will just
be the sum of the growing mode fiducial power spectrum C`’s and a response due to
the decaying mode being added. We will also consider the effect adding polarization
information has on the constraints. Since the transfer function for the decaying mode
is different for polarization and temperature, the same primordial power spectrum
may not be able to account for the change in temperature and polarization. A similar
analysis has been done for parametrised isocurvature modes [51] and it was shown that
adding polarization significantly increases the constraining power of the CMB for the
amplitude of isocurvature modes. In principle one could apply this un-parametrised
approach to primordial isocurvature perturbations as well and we will leave this to
future works.
To answer these questions we use the Fisher information as a metric to quantify
the information in the decaying modes. The expression for the Fisher matrix for a
Gaussian likelihood with a parameter independent covariance matrix can be written
as
Fαβ =
lmax∑
l=2
fsky(2l + 1)
2
Tr
(
C−1l ∂αClC
−1
l ∂βCl
)
. (2.17)
The matrix C depends on the observables being used. When the temperature and
polarization of the CMB are being used the matrix becomes
Cl ≡
(
CTTl +N
TT
l C
TE
l
CETl C
EE
l +N
EE
l
)
. (2.18)
The fiducial Cl is assumed to be that of the growing mode only as we know it fits
the data with the fiducial cosmology. The derivatives of the Cl matrix will have ei-
ther the growing or decaying transfer functions, depending on which mode is being
constrained. Where NTTl , N
EE
l represent the noise covariance for temperature, po-
larization respectively. We also assume the polarization and temperature noise are
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Figure 2.6: This plot shows the errors for the decaying and growing modes in each of
the 100 k bins. The analysis is done for four specifications: temperature anisotropies
in a Planck like experiment and a cosmic variance limited experiment and the same
analysis for temperature and polarisation data. The top plot shows the errors and
the bottom plot shows the ratio of the errors of the decaying to growing modes.
The vertical line is drawn at roughly the size of the horizon as inferred from the
maximum scale observable by an observer at recombination. Since ` = 2 is the largest
mode observable in the CMB we compute the corresponding k using ` = kχ. This
expression is true in a flat sky, where χ is the comoving distance to recombination
∼ 10 Gpc/h, furthermore ` = 2 corresponds to a mode wave with two wavelengths
in a unit circle giving, thus giving a further factor of pi/2 to the wavenumber giving
k ∼ 3 × 10−4 Mpc−1. The horizontal line on the bottom plot is at one and we note
that the ratio of the errors asymptotes to 1. This is just a manifestation of the fact
that we have normalised the amplitudes (but not the phase) of both modes to be
equal on sub-horizon scales.
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uncorrelated thus the covariance between them is zero. We model the noise for the
CMB polarization and temperature as Gaussian random noise per frequency channel
as given in the Planck blue book [79]
N
TT (EE)
l =
(
(σ2T (E)B
2
l )100 + (σ
2
T (E)B
2
l )143 + (σ
2
T (E)B
2
l )217 + (σ
2
T (E)B
2
l )353
)−1
(2.19)
where σT (E) represent the variance for temperature (polarization) and 100, 143, 217, 353
are the Planck frequency channels in GHz. The window function is given by B2l =
exp
(
− l(l+1)θ2beam
8 ln 2
)
. The values of the beam size and variance are given in Tab. 2.2.
Frequency
(GHz)
θbeam(rad) σT (µK -
rad)
σE(µK -
rad)
100 0.002763 0.001984 0.003174
143 0.002065 0.001746 0.003333
217 0.001454 0.003809 0.007785
353 0.001454 0.011665 0.023647
Table 2.2: Noise parameters used for the fisher analysis as taken from the Planck blue
book [79].
If we only use the temperature spectrum from the CMB the expression for the
Fisher matrix simplifies to
Fαβ =
lmax∑
l=2
fsky
2l + 1
2
∂αC
TT
l ∂βC
TT
l
(CTTl +N
TT
l )
2
. (2.20)
It is worth noting that the derivatives of the Cl’s wrt the parameters 
(D)
k0
/
(G)
k0
will
simply return the transfer function squared of the decaying/growing mode at k0. The
errors on the parameters i, σi (which in our case will be the amplitudes in each k bin)
can be obtained by σi =
√
(F−1)ii. We plot these variances in Fig. 2.6 along with
the ratio of the errors of the decaying and growing modes. We see that most of the
information is in the range k ∼ 10−3 − 10−1Mpc−1 and adding the polarization data
increases the information content by up to 2 orders of magnitude in this range. Similar
results for the growing mode have been found in previous studies, see for example
[69, 80, 81]. We note that most of the analysis done so far focuses on providing
detailed precision on growing modes and thus have more k bins in a narrower range
of wavenumber. Our aim is to probe the errors on a much broader range of k’s which
has not been done before, yet we still note that in regions of overlapping k space
we recover similar results albeit without the same level of resolution. The highly
oscillatory features on small scales can be further resolved by increasing the resolution
of the k modes in those regions, however that requires significantly larger computation
time. As the aim of this study is to get an idea of how the decaying modes effects the
observable power spectra, as opposed to getting precision constraints on them, along
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of with cosmological parameters, we do attempt this here.2
We see that on larger scales cosmic variance dominates and most of the infor-
mation is lost. The first thing to note about the decaying mode is that the overall
difference in the Fisher information from the largest to the smallest scales is much
lower than the growing mode. This is because on large scales we can see from the
Cl’s there is a large rise in power for the decaying mode transfer functions. Therefore
even with the large errors due to cosmic variance, the excessive power in decaying
modes on large scales can be constrained. On subhorizon scales the errors on both
modes are approximately the same as we have normalised both modes to have the
same amplitudes on subhorizon scales. The second feature of the decaying mode is
that there is a large increase in Fisher information, relative to the growing mode,
when polarization information is included. This is to be expected because, as was
mentioned before, the polarization transfer functions and temperature transfer func-
tions are different. The fiducial cosmology we have assumed has been fitted to the
temperature and polarization data with growing mode transfer functions, thus even
if we allow a lot of freedom in the primordial power spectrum, the Cl’s, which are a
convolution between the transfer functions and the primordial power spectrum, will
struggle to accommodate the decaying mode power spectrum with the temperature
and polarization transfer functions at the same time.
Finally it is interesting to note that modes that are smaller than∼ 10−4 Mpc−1 will
be larger than the universe’s horizon today and some modes that are even larger may
never enter the horizon of our universe. Thus one has to ask the philosophical ques-
tion of how modes that are beyond our observable universe can be observed, even
indirectly. The physical mechanism for super-horizon modes effecting sub-horizon
observables is through the gravitational effect of super-horizon modes on small scale
structure. This has been at the heart of separate universe approach of describing
super-horizon perturbations in which the local, sub-horizon, modes evolve in a differ-
ent universe with different cosmological parameters such as curvature, Hubble rate
etc. Such claims have to be backed up with careful analysis of the underlying physics,
in particular the curvature of spacelike surfaces, as one has to understand how the
equivalence principle, which would suggest large scale modes should not effect the
curvature of spacelike surfaces, can allow for such super-horizon modes to effect the
sub-horizon modes. There have been many attempts to address this issue and a long
yet in-exhaustive list is given here [82, 83, 84, 85, 86, 87]. Most of these attempts have
focused on calculating the back-reaction of the growing super-horizon modes through
the non-linear evolution of the modes due to Einstein’s equation. It would be inter-
esting to see whether similar calculations can be used to evolve decaying modes and
understand the physical origin on their effect on sub-horizon scales. We do not at-
tempt to address this here and note that our current study will provide a direct way
to test whether the methods used to understand super-horizon evolution of modes
lead to testable predictions.
2Indeed, to do this systematically one would need to do a full MCMC analysis of all the decaying
mode parameters in addition to the standard ΛCDM parameters and we take this up in a future
study.
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2.4 Summary and future outlook
In this chapter we have analysed the constraints on the amplitudes of the primordial
power spectrum across a broad range of scales for adiabatic initial conditions. Adi-
abatic initial conditions have two orthogonal set of modes that can be excited when
the universe starts (during radiation domination) or at later times. These are the sine
(decaying) mode or the cosine (growing) mode. In general both modes can be ex-
cited however most cosmological analysis assume only the cosine mode is excited and
thus the constraints on the amplitudes of the primordial power spectrum is directly
matched to the amplitude of the cosine mode.
The sine mode numerically appears to diverge at early times on super-horizon
scales. Special care is needed to interpret super-horizon physics, and a mapping onto
physical quantities is essential. Past work attempted to normalize the decaying mode
at a super-horizon initial condition, making the allowed amplitudes for the sine mode
sensitive to the numerical start time of the universe. Instead of taking a parametrised
approach, in this analysis we have mapped the amplitude of the primordial power
spectrum to the amplitude of both modes by looking for additional power spectrum
features for discrete scales.
We have calculated the Fisher information for both the sine and cosine modes
using a fiducial cosmology. The initial conditions for this cosmology are normalised
to be equal for both modes on sub-horizon scales. We have computed the Fisher
information for these modes for a cosmic variance limited experiment as well as a full
sky Planck like experiment with temperature and polarization anisotropies. Both of
the modes are best constrained on scales k ∼ 10−3 − 10−1 Mpc−1. The sine mode is
almost equally well constrained on larger scales, ∼ 10−4Mpc−1 due to the divergent
growth of its amplitude, whereas the cosine mode is less well constrained on these
scales as they are cosmic variance limited. The angular power spectrum for the
anisotropies of the CMB are a convolution between the primordial power spectrum
and the transfer function. Therefore allowing the primordial power spectrum to be a
freely varying function may allow the decaying mode to fit the observed temperature
anisotropies, it is unable to fit the polarization anisotropies at the same time as they
have different transfer functions. It is worth emphasising that this argument only
holds when we keep the cosmological parameters fixed. If we let the cosmological
parameter vary at the same time as varying the primordial parameters one may be
able to find new points in parameter space that fit the observed data that allow for
non-negligible amounts of power in the sine mode.
This approach of constraining the initial conditions of the universe can be very
useful in understanding the early universe models that set the initial conditions in
radiation domination. While the simplest models of single field inflation give rise to
nearly scale invariant adiabatic perturbations, alternative early universe models can
give rise to localised features. In the context of inflation, these localised features will
temporarily break the slow roll behaviour as the features usually come from (but not
limited to) sharp features in the inflationary potential [88, 89, 90]. Perhaps the more
interesting set of models to test using our approach are those of bouncing or cyclic
universes. It is possible that cosine modes in a pre-bounce era source sine modes
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in the post-bounce era. Thus any signs of the sine mode in our current universe
might also be a sign of a previous cycle of our universe. This intriguing possibility
depends on how the perturbations are matched across the bounce. There are various
approaches to how this matching is done however most approaches depend on the
underlying model that causes the bounce [61, 62, 63, 64, 65].
There are various natural extensions to this paper. We have not looked at specific
models in this paper however one could try to understand what is the best way to
match perturbations across a bounce and what features they give rise to in the pri-
mordial power spectrum. Throughout this work we have assumed the cosmological
parameters for the sine and cosine mode are the same. This does not have to be the
case, as described above, and the best way to constrain the primordial and cosmologi-
cal parameters together would be to do an MCMC analysis. We will leave a complete
MCMC analysis of the adiabatic sine and cosine modes as well as the different types
of isocurvature modes in addition to the cosmological parameters to future works. In
addition to scalar perturbations, one can also ask whether the most general tensor
perturbations have been understood. Since tensor perturbations also have a second
order differential equation that is the equation of motion they also must have two
independent solutions and these topics are currently being explored.
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Chapter 3
Initial conditions of the universe:
Decaying tensor modes
3.1 Introduction
The CMB is the dominant observational probe when it comes to constraining models
of the early universe. The temperature and polarisation anisotropies in the CMB
have been observed by several experiments over the last few decades [46, 47]. One of
the main goals of future CMB experiments is to measure the polarisation anisotropies
to greater precision, especially on large scales. In particular, the detection of B mode
polarisation in the CMB is a primary target [91, 92] as they could be a signature of
primordial tensor perturbations, i.e gravitational waves, which are predicted by a large
number of inflationary theories (see [93, 94] and references therein). To calculate the
effect of primordial tensor perturbations on the CMB we parametrise the primordial
amplitude of the perturbations using a power law power spectrum and convolve that
with the transfer functions for B-mode polarisation using a Boltzmann solver such as
CAMB1 or CLASS2.
One implicit assumption in current cosmological analysis that search for primor-
dial gravitational waves is that the primordial perturbations only have a single solu-
tion, the so-called growing solution/mode. However, since the perturbations in the
early universe are described by a second order differential equation, another solution
exists known as the decaying solution/mode. In a recent study [43] the effect of this
second, orthogonal, mode, was considered for scalar perturbations in radiation domi-
nation. By explicitly keeping the decaying scalar mode and describing the primordial
power as a set of independent bins in k, the effects of the decaying scalar mode on
the CMB anisotropies was studied. By constraining the amplitude of the primordial
power spectrum for a broad range of band powers it was found that the decaying
mode is equally well constrained as the growing mode on subhorizon scales, whereas
on superhorizon scales there is a divergence in the decaying mode anisotropy spec-
trum which means they are more constrained then growing modes by several orders
1https://camb.info
2http://class-code.net
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of magnitude.
The aim of this chapter is to extend this analysis by calculating the effect of the
decaying tensor mode in radiation domination on the CMB. To our knowledge, this
has not been considered before, but given the broad theoretical interest in inflation-
ary tensor modes and potentially far-reaching theoretical implications in case of a
detection, it is timely to explore the effect such a mode could have on the CMB in
case it was produced in the early Universe. Specifically, while inflation predicts neg-
ligible decaying modes, such modes can be generated in bouncing universe scenarios
and a detection could open a new window onto the novel physics that describes the
beginning of our universe. As was described in [43, 68], the decaying modes are not
constant, but evolve with time outside the horizon. Therefore we must specify the
time at which we start the evolution of these modes. In the case of scalar perturba-
tions one has to be careful about which gauge we use to define the time at which we
evolve the modes as they will have different dependence on time in different gauges (i.e
Newtonian and Synchronous gauges). Tensor perturbations have a unique description
in any gauge at linear order and therefore do not suffer from these ambiguities.
Canonically the form of the primordial power spectrum (PPS), PT (k), of ten-
sor perturbations is assumed to come from the growing mode only and can be
parametrised as a power law with an amplitude, AT , and spectral index nT
PT (k) = AT
(
k
k∗
)nT
(3.1)
Here k∗ is the pivot scale for tensor perturbations. We relax both of these assumptions,
allowing the PPS to have a decaying mode solution while its power is described by a
non-parametric binned form of the power spectrum. Similar approaches have recently
been used to analyse the growing mode PPS for tensor perturbations [95, 96, 97].
The chapter is structured as follows: In section 3.2 we briefly describe the theo-
retical framework of primordial tensor perturbations and the form of decaying initial
conditions. Section 3.3 describes the formalism we use to constrain the decaying ten-
sor initial conditions using a Fisher matrix analysis and presents the results. Finally,
we summarise in section 3.4.
3.2 Decaying tensor modes
3.2.1 Primordial perturbations
In this section we briefly review the formalism of computing tensor perturbations
in the early universe and work out the form of the decaying modes (more detailed
introductions can be found in [98], [75]). The tensor perturbations are uniquely
defined by perturbing the flat Minkowski metric
ds2 = a2(τ)
(−dτ 2 + (δij + hij)dxidxj) , (3.2)
where h00 = h0i = 0, |hin|  1 and the perturbations are transverse and traceless
hij,i = h
i
i = 0. To linear order, the transverse traceless perturbations in Eq. (3.2) are
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gauge invariant. The tensor perturbations have two polarisation states denoted by
(+,×). The equation of motion for the perturbations is given by solving the Einstein
equation. It is easiest to solve it in Fourier space and therefore we decompose the
tensor perturbations into plane waves of each polarisation mode
hij(τ,x) =
∑
λ
∫
d3k
(2pi)3
hλ(τ,k)e
ik·xλij(k). (3.3)
Here we have defined λin to be the polarisation tensor and λ ∈ {+,×}. To linear
order the Einstein equations for metric perturbations is given by (in units of c = ~ =
Mpl = 1) a Klein-Gordon equation for a massless scalar field, for each polarisation
mode, with a source term given by the anisotropic stress term
h¨k,λ + 2
a˙
a
h˙k.λ + k
2hk,λ = 2a
2Πij, (3.4)
where the dot denotes derivatives w.r.t conformal time. Πin is the anisotropic stress
of the fluid with stress energy tensor Tin = pgin + a
2Πin. The anisotropic stress
is typically generated by neutrinos free-streaming in the early universe after they
decouple at z ∼ 109. It has been shown in [99] that the effect of this anisotropic
stress is to damp the effects of primordial tensor perturbations in the B-mode power
spectrum. As anisotropic stress is generated by causal mechanisms it will not have an
effect on superhorizon scales. If we look at the solutions to Eq. (3.4), during radiation
domination, and in the absence of anisotropic stress we find
hradk (x) = A
rad
k j0(x) +B
rad
k y0(x). (3.5)
Here x = kτ , where j0(x) and y0(x) represent the spherical Bessel functions of the
first and second kind of zero order respectively
j0(x) =
sinx
x
, y0(x) = −cosx
x
. (3.6)
The k index represents the fact the amplitude can be different for different k modes.
The mode proportional to Aradk /B
rad
k is the growing/decaying mode. The initial con-
ditions are usually set when x  1 (i.e early times superhorizon scales) and in this
limit the behaviour of these modes is
hradk (x 1) = Aradk −
Bradk
x
. (3.7)
Moreover, if we look at solutions to Eq. (3.4) in a matter domination phase, which
starts at z ≈ 3000, then we find
hmatk (x) = 3
[
Amatk
j1(x)
x
+Bmatk
y1(x)
x
]
,
j1(x) =
sinx
x2
− cosx
x
, y1(x) = −cosx
x2
− sinx
x
. (3.8)
50
At late times, j1(x  1) → − cosxx and y1(x  1) → − sinxx . So even if the decaying
mode solution is ignored during radiation domination, it can still source two pos-
sible modes during matter domination. The key difference between these modes is
that their phases during each era will be opposite, i.e the modes are orthogonal to
each other. We have shown this schematically in Figure 3.1.3 Our non-parametric
approach allows us to analyse the effect of k modes with different amplitudes and
phases precisely by isolating the effect they have on the CMB anisotropies. The two
point correlation function of these modes is canonically defined as∑
λ
〈|hλ,k(τ)|2〉 ≡ 2pi
2
2k3
PT (k)|T (τ, k)|2. (3.9)
Note that we have assumed the expectation value of the hλ,k does not have any
directional dependence (this is because we have assumed spatial isotropy, i.e. SO(3)
symmetry). The correlation function is then separated into a time dependent and
independent term. The time dependent term is often called the transfer function
T (τ, k) and only tracks the time evolution of a particular tensor mode. This is not
the same as the transfer function for the CMB anisotropies which track the impact
the perturbations have on the CMB photons. The growing mode transfer function
is only time dependent on sub-horizon scales, while for the decaying mode it is time
dependent on all scales. The time independent part is given by the PPS.
3.2.2 Review of CMB anisotropies
The tensor perturbations will leave an imprint on temperature and polarisation
anisotropies in the CMB. We can gain some insight into their structure by exploring
the computation of the anisotropies analytically. The structure of the anisotropies
due to primordial tensors has been studied before in [100, 101, 33, 3]. Here we briefly
review it in the presence of decaying modes. The Gaussian anisotropies of the CMB
can be completely described by the angular correlation function, C`, which can be
written as
CXY` = 4pi
∫ ∞
0
dk
k
P (k)|∆X` (k)∆Y` (k)|. (3.10)
X, Y ∈ {T,E,B} are the observables (temperature and two polarisation modes) that
are computed from the CMB photons. ∆X` (k) is the transfer function corresponding
to the observable one is interested in. The temperature and polarisation transfer
functions for tensor perturbations are given by [33, 3]
∆T` (k) =
√
(`+ 2)!
(`− 2)!
∫ τ0
0
dτST (k, τ)PT` (x),
∆E` (k) =
∫ τ0
0
dτSP (k, τ)PE` (x)
∆B` (k) =
∫ τ0
0
dτ SP (k, τ)PB` (x). (3.11)
3 Further discussion on this can be found in [100, 101, 3].
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τ0 is the conformal time today. The leading order source functions and projection
factors for temperature and polarisation are given by
ST (k, τ) = −h˙(k, τ)e−κ + g(τ)Ψ(k, τ),
SP (k, τ) = −g(τ)Ψ(k, τ),
PT` (x) =
j`(x)
x2
,
PE` (x) = −j`(x) + j′′` (x) + 2
j`(x)
x2
+ 4
j′`(x)
x
,
PB` (x) = 2j′`(x) + 4
j`(x)
x
. (3.12)
Ψ(k, τ) is the Newtonian gravitational potential. κ is the integrated Thomson cross
section between τ and τ0
κ =
∫ τ0
τ
dτ anexeσT , (3.13)
where we have defined xe as the ionisation fraction, ne as the electron number density
and σT is the Thomson cross section. We have also defined the visibility function
g(τ) ≡ κ˙e−κ.
From the expressions in Eq. (3.11) and (3.12) we can see that the temperature
source function has two distinct features. The first term, proportional to h˙, is a type
of Integrated Sachs-Wolfe (ISW) effect. It describes the generation of anisotropies
from the motion of photon geodesics in the presence of a time varying gravitational
potential of the gravitational wave. The term proportional to the visibility function,
g, will be localised to the screen of recombination, which is assumed to be almost
instantaneous. This term is small and is almost always subdominant to the ISW
term4. For the polarisation anisotropies, there is no ISW term. This is because
the ISW effect changes the energy of the photon which is directly related to its
temperature, not the polarisation. The source of polarisation anisotropies will be
strongly located at the surface of last scattering due to the scattering of free electrons
from the local tensor quadrupole. Therefore, modes with k ≈ `
τ0−τCMB dominate the
contribution to the polarisation C`’s. Intuitively one would expect the anisotropies
to be proportional to the width of the surface of last scattering as a larger width
will lead to more polarisation being generated. This is because the finite width adds
time for the generation of quadrupolar scattering, which is what fundamentally gives
rise to the polarisation anisotropy. In addition there will be more modes that can
contribute to the anisotropy as the width increases. We show this schematically in
the top panel of Figure 3.1 which has a blurry CMB screen, whereas the bottom
one has an almost instantaneous CMB. Recombination is not the only screen present
for the local tensor quadrupole to generate polarisation: Reionisation also provides
another screen at which polarisation is generated and this happens at larger angular
scales [33].
If we assume the Bessel functions and their derivatives, which are usually referred
to as projection factors, in Eqs. (3.11) are approximately constant over the width of
4See Figure 1 in [3] for instance.
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the CMB screen the C`’s for polarisation can be calculated analytically by integrating
over the source function and projection factors to get [3]
C
EE/BB
` ∝
∫
dk
k
PT (k)PE/B` [k(τ0 − τR)]2h˙k(τCMB)2
×∆τ 2CMBe−(κ∆τCMB)
2
. (3.14)
Here we see that indeed the C`’s are proportional to the finite time scale for recombi-
nation, ∆τCMB, and we also notice the h˙
2 factor which will be sensitive to the initial
conditions we choose. In particular, we see from Eq. (3.7) that the C`’s will become
large when kτ is small for the decaying modes (this is similar to what was seen in
the case of decaying scalar perturbations [43]) and the difference in phase of h(τ), or
equivalently h˙(τ), will only effect the amplitude of the C`’s as the tensor perturbation
is evaluated locally at τCMB. This was described in [3] as phase damping because the
overall effect of multiple phases is to damp the observed perturbations (also shown
schematically in Figure 3.1).
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Figure 3.1: Schematic diagram showing the phase damping effect, as described in
[3], of primordial gravitational waves on the CMB photons. The top panel shows
a situation where the last scattering screen is more diffuse then it is in the lower
panel. A more diffuse screen will allow more of the gravitational wave amplitude to
contribute to the production of polarisation anisotropy.
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3.3 Analysis
3.3.1 C` results
To constrain tensor initial conditions we will follow the standard convention of using
the scalar-to-tensor ratio r = AT
AS
as the variable to quantify the amplitude of the
tensor perturbations. We implement the general initial condition in Eq (3.7) in the
CLASS Boltzmann code and plot the B mode power spectra in Figure 3.2a. We
show the growing mode with r = 0.05 and the growing mode spectral index defined
by the single field slow roll inflation consistency relation n
(G)
T = −18r(G). For the
decaying mode we do not assume this relation (as we do not expect decaying modes
from inflation to be detectable [102]) and set both the amplitude and index of the
decaying mode independently. In Figure 3.2a we show the decaying mode B mode
power spectra with the same amplitude as growing modes, r(D) = r(G) and a scale
invariant power spectrum, n
(D)
T = 0. Furthermore, as the amplitude of the decaying
mode is time dependent, one needs to define a normalisation time of when the r(D)
is set. In Figure 3.2 we plot the C`’s for two different normalisations. First, when
the amplitudes of the modes are set using the CLASS approximation schemes as
described in [78]. Under this scheme the amplitude of the modes on superhorizon
scales is set at ∼ 0.01τCMB. The other normalisation procedure is the same as the
one described in [43], where the tensor modes are renormalised such that the transfer
function of both decaying and growing modes is the same on sub-horizon scales. The
renormalised transfer function for the decaying mode, ∆˜
(D)
` , is defined as
∆˜
(D)
` = ∆
(D)
` Σ`
Σ` ≡
∫ kmax
khorizon
dk ∆
(G)
` (k)∫ kmax
khorizon
dk ∆
(D)
` (k)
, (3.15)
where khorizon = 3 × 10−3 Mpc−1, kmax = 2 × 10−1 Mpc−1. The renormalisation
functions for each of the observables are shown in the bottom panels in Figure 3.2.
The rest of the cosmological parameters are given in Table 3.1.
In Figure 3.2 we see that when the decaying mode is normalised on superhorizon
scales the anisotropies are larger than the growing mode ones. Furthermore, the de-
caying mode anisotropies for TT and EE can be even larger than the ones generated
by scalar perturbations5. For temperature we see in Figure 3.2b that the decaying
mode anisotropy is greater than scalar perturbations for `∼90. For E mode polari-
sation, seen in Figure 3.2d, the decaying tensor mode contribution is always larger
then the scalar contribution on large scales. This means that if the modes are sourced
at very early times on superhorizon scales they could already be constrained by the
temperature and E mode polarisation anisotropies from Planck and WMAP.
Next, if we look at the anisotropies for the decaying mode when they are renor-
malised on subhorizon scales, we see that the shape of the C`’s is the same, but the
5Here we are referring to the growing mode scalar perturbations, but the decaying scalar mode
has a similar amplitude. See [43] for further discussion on this.
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As 2.15 ×10−9
h 0.67556
Ωbh
2 0.022032
Ωcdmh
2 0.12038
k∗ 0.002
Mpc−1
ns 0.9619
Neff 3.046
r(G) 0.05
n
(G)
T -
1
8
r(G)
`max 2500
fsky 1
Table 3.1: Fiducial cosmological and systematic parameters
amplitude is smaller than the decaying mode sourced on superhorizon scales by a
factor of ∼ 104, which is as expected due to the superhorizon modes being sourced at
∼ 0.01 τCMB. In this case the decaying modes are indistinguishable from the growing
tensor modes, except for a rise in anisotropy on very large scales. This rise is seen be-
cause we only renormalise based on the sub-horizon amplitude and the superhorizon
amplitude will generally be larger on the large angular scales. The physical reason
behind this is that the local quadrupole generated by the tensor modes is responsi-
ble for generating the polarisation in the CMB. As the decaying mode varies with
time on superhorizon scales, the amplitude of the mode (and hence the polarisation
it generates) depends on which time the mode is sourced. The amplitude and the
time the mode is sourced are degenerate parameters when it comes to the generation
of the CMB polarisation. To break this degeneracy one needs to be able to measure
the decaying mode at least twice and thus it will be important to measure the signal
from reionisation and recombination. In particular, since we normalise the modes at
recombination, the decaying and growing modes leave an identical signal in the B
mode spectrum at the recombination bump, as can be seen from Figure 3.2a. The
decaying mode can be distinguished from the growing mode only by the reionisation
bump where we see an increase in power from the decaying mode. Indeed we can get
an idea as to how well the decaying mode can be measured from the B mode power
spectrum by comparing the difference between the growing and decaying mode power
spectra at the reionisation scale. By assuming a cosmic variance limited experiment,
we know the variance in the C`’s is given by
σ(`)2 =
2
2`+ 1
(CG` )
2, (3.16)
where CG` is the power spectra for the fiducial growing modes. The difference between
the decaying and growing mode power spectra is
∆C2` ≡ (CG` − CD` )2. (3.17)
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The CD` is the decaying mode power spectrum with parameters give in Table 3.1. At
` = 2, where the signal is largest from the decaying mode we see that
∆C2`=2
σ(`=2)2
≈ 80.
Of course this can never be achieved as the cosmic variance limit of the ` = 2 mode
is 5/2 and thus that will be the fundamental limit to how well we can distinguish
between the growing and decaying tensor more. To get a complete result accounting
for the full covariance between the polarisation and temperature anisotropies as well
as the total sum over all the modes we compute the Fisher information matrix of the
amplitude of the modes in the next section.
Before we move on to computing the Fisher information it is worth pointing out
that the increase in power on superhorizon scales comes from the fact that the de-
caying mode has a 1/kτ behaviour, which leads a divergent amplitude in the power
spectrum. We also see that the divergence in the polarisation spectra at the reion-
isation scale is smaller than the divergence in the temperature spectrum. This is
because of the fundamental difference between how temperature and polarisation
anisotropies are generated by tensor perturbations: the temperature anisotropies are
sourced continuously by tensor perturbations whereas the polarisation anisotropies
are sourced at fixed screens as described above, thus more modes leave an imprint in
the temperature power spectrum (and therefore increase the amplitude more).
We know that in addition to primordial gravitational waves sourcing B modes,
lensing of the CMB photons can also generate B mode polarisation, which we call
C
BB,(L)
` . This is given by [103, 95]
C
BB,(L)
` =
1
2`+ 1
∑
`′`′′
(
S(−)``′`′′
)2
CEE`′ C
φφ
`′′ , (3.18)
where
S(−)``′`′′ ≡
[
(2`+ 1)(2`′ + 1)(2`′′ + 1)
16pi
] 1
2
×
(
` `′ `′′
2 −2 0
)
× [−`(`+ 1) + `′(`′ + 1) + `′′(`′′ + 1)] , (3.19)
with the term in the circular brackets being a Wigner 3j symbol.
In addition to these two physical effects generating a B mode, an experiment will
also have a noise contribution for the B modes. We parametrise the effect of the noise
by white noise with a smoothing beam assumed to be Gaussian [104]6
NBB` = exp
(
`2σ2b
2
)(
pi
10800
w
− 1
2
p
µK arc min
)2
µK2str. (3.20)
We assume a LiteBird7 like experiment with σb = 3.7 × 10−3 and wp = 1 µK [92].
The various components of lensing and noise contributions, along with the B modes
from primordial tensors are shown in Figure 3.2a. In the next section we investigate
this further in a model independent, non-parametric way, by computing the Fisher
information.
6In principle there can also be a ` dependence in the noise but we do not address that in this
study.
7A satellite mission that will aim to measure the polarisation of the CMB [92].
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Figure 3.2: Anisotropies for the growing and decaying tensor modes. The decaying
mode is shown when it is normalised on superhorizon scales and when it is renor-
malised on subhorizon scales. The renormalisation function for each observable is
shown in the bottom panel of the plots. The temperature and E mode polarisation
spectra also show the contribution from the fiducial scalar perturbations in the stan-
dard ΛCDM cosmology with cosmological parameters given in Table 3.1. Figures
(3.2c, 3.2d) have the same legend as Figure 3.2b. The noise curves shown are for the
LiteBird/Planck experiment for B/(T,E) modes which are defined in Eq. (3.20)/(2.2).
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3.3.2 Fisher results
To obtain a model independent parameterisation of the PPS we model it as a set of
100 bins in k around a fiducial PPS for the standard growing mode
PT (k, k0, ) =
{
PT (k)
(G) + 
(G) or (D)
k0
if k0 = k
PT (k)
(G) otherwise
. (3.21)
where PT (k)
(G) takes the form in Eq (3.1). 
(D) or (G)
k0
is the amplitude of additional
power coming from the decaying or growing mode at the scale k0. We treat the ’s
in each k bin as free parameters and constrain them using the Fisher information
matrix, Fαβ. The k bins we use are shown in Figure 2.5.
For our Fisher analysis we focus solely on the decaying modes that are normalised
on subhorizon scales as those are the physical modes we can observe at the time of
decoupling. For modes that are sourced at early time and on superhorizon scales,
the Fisher constraints can be scaled accordingly depending on what time the mode
is sourced. For instance, if the mode is sourced at 0.01τCMB, the constraint will
increase by ∼ 104 for those scales due to the 1/kτ behaviour of the decaying mode on
superhorizon scales during radiation domination. We assume a Gaussian likelihood
with a parameter independent covariance matrix for the C`’s and the corresponding
Fisher matrix is
Fαβ =
fsky
2
`max∑
`=2
(2`+ 1)Tr
(
C−1` ∂αC`C
−1
` ∂βC`
)
(3.22)
where
C` ≡
CˆTT` CTE` 0CET` CˆEE` 0
0 0 CˆBB`
 . (3.23)
There are no correlations between E, T and B modes as long both polarisations
of the tensor mode are equally generated (i.e there is no breaking of parity). The
Cˆ` represents the theoretical C` (computed from a modified version of the CLASS
Boltzmann code) plus noise contributions. For each of these modes, these are defined
by
Cˆ
TT (EE)
` ≡ CTT (EE)` +NTT (EE)`
CˆBB` ≡ CBB` +NBB` + λ(L)CBB,(L)` (3.24)
where the B mode noise is defined in Eq (3.20). We have introduced a lensing pa-
rameter λ(L) which denotes how much the lensing B modes contribute to the signal.
λ(L) = 0 corresponds to a situation where the lensing signal has been completely
accounted for and removed from the signal. The T and E mode noise is modelled by
Gaussian random noise in 4 frequency channels given in the Planck blue book [79]
The window function for the beam is defined by B2` ≡ exp
(
− `(`+1)θ2beam
8 ln 2
)
and
the variance for each frequency channel is σT (E) for temperature/polarisation. The
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Figure 3.3: Errors for decaying and growing tensor modes. We have shown the errors
for the four cases described in Table 3.2. We have separated the noise contributions
into the cosmic variance limited experiments, Planck noise for temperature and E
mode polarisation and LiteBird for B mode polarisation.
numerical values are given in Table 2.2 and the plot of the noise curves is shown in
Figure 3.2b and 3.2d. Once the Fisher information matrix is computed, the errors on
the parameters is simply given by (F−1αα )
1
2 .
We show the errors on the PPS parameters k0 in Eq. (3.21) for the growing and
decaying tensor modes in Figure 3.3. We focus on four cases which are summarised
in Table 3.2. The tracers used in the computation of the Fisher matrix are either
B mode polarisation only, in which case C` in Eq (3.23) is simply given by CˆBB` , or
B mode + E mode polarisation with temperature anisotropies as well. In this case
we use the full C` given in Eq (3.23). This is denoted by T+E+B in Table 3.2. For
each of these cases, we consider the case when the modes are lensed/delensed with
(λ(L) = 1)/(λ(L) = 0).
It is easiest to interpret the results in Figure 3.3 by focusing on three different
scales. First is the region shaded red which represents modes that are outside the
horizon at the time the CMB is emitted (in fact there are scales that are larger than
the observable size of the universe, thus one must be careful in how to interpret those
constraints as we discuss in section 3.4). This is also the region where cosmic variance
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Tracer
used
De-lensed Result
Case 1 B+E+T yes figure 3.3a
Case 2 B+E+T no figure 3.3b
Case 3 B yes figure 3.3c
Case 4 B no figure 3.3d
Table 3.2: Summary of different cases used to compute the errors on the PPS.
dominates and thus the error bars increase substantially. The region shaded in blue
corresponds to scales which are subhorizon but on which the effect of lensing and
noise (LiteBird experiment) for B modes is subdominant. Therefore the blue region
is where most of the constraining power is. Finally, the green region is where the
noise from LiteBird becomes very large and also the lensing contribution to B modes
dominates over the primordial B mode signal.
We see that the decaying mode is equally well constrained as the growing modes
for all four cases we consider, except on scales below the recombination scale, k .
3× 10−4, where the decaying and growing mode amplitudes become distinguishable.
On superhorizon scales the constraint is∼ 104 larger for the decaying mode amplitude,
as expected by the normalisation on subhorizon scales and the divergence of the
decaying mode on superhorizon scales. In the green region we see that the LiteBird
noise dominates any signal and therefore the constraining power is reduced by 4-5
orders of magnitude. In the case of a cosmic variance limited experiment there is
still the same amount of information in the green region as there is in the blue region
when the CMB is delensed. If there is a lensing signal as well, the constraining power
deteriorates by roughly 1-2 orders of magnitude. When the temperature and E mode
information is added we see that the errors on superhorizon scales, in the red region,
are smaller by roughly 5 orders of magnitude. There are two reasons for this increase
in constraining power. First, there is an increase in the TT and EE power spectra
on superhorizon scales for the decaying mode. Second, the TT and EE C`’s have
different transfer functions to the BB, however the PPS for the decaying mode is
the same for all of the observables. Therefore, the freedom in PPS is not able to
compensate for the different transfer functions to the same extent when there are
three observables.
The best constrained modes in all cases are at k ≈ 5 × 10−4 Mpc−1 and ≈ 7 ×
10−3 Mpc−1. The physical reason behind this is that the polarisation is generated,
and hence best constrained, when there is a anisotropic scattering of photons which
happens at recombination and reionisation8. The recombination scale corresponds to
a scale of ` ∼ 80, which, in k space corresponds to krecom ≈ 6×10−3 Mpc−1. Similarly
the reionisation scale is given by kreion ≈ 6× 10−4 Mpc−1.
8This was also pointed out in this recent study [95].
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3.4 Discussion & future outlook
In this chapter we have analysed the effect a decaying tensor mode has on the CMB
temperature and polarisation anisotropies. The decaying modes evolve on superhori-
zon scales and thus the amplitude of these modes is degenerate with the time at
which they are sourced. We used a Fisher matrix formalism with a non-parametric
binned PPS to understand the constraints on these modes. If the decaying modes are
sourced at very early times before decoupling, then they are highly constrained. If
they are sourced on sub-horizon scales with same power as the growing mode, then
there could be an ambiguity as to which mode generates the observed B-mode po-
larisation pattern. The amplitudes of both modes start to become distinguishable
around the reionisation bump, which suggests it could be important to measure the
B modes on large scales ` ∼ 5. If we only look on observable scales, i.e modes that
are sub-horizon at the time of decoupling, the decaying and growing modes are con-
strained equally well. On super-horizon scales where the decaying mode becomes
distinguishable from the growing mode it is more constrained. This is because it
generates more power in the anisotropies due to its 1/kτ scaling. Decaying modes
generated during inflation would be highly suppressed in radiation domination. Thus,
if such modes are observed, it will be a unique signature of new physics on very high
energies in the early universe. In particular, bouncing models could be a source of
decaying modes [43, 67]. There is a fundamental question that needs to be answered,
however, in order to understand these modes. As the effect of the decaying mode is
most apparent on super-horizon scales, it is worth asking how super-horizon tensor
modes, specifically modes that are much larger than our current horizon, can or will
effect our observable universe. In the case of scalar perturbations it is possible the
effect of these super-horizon modes will come from either a modification to overall
background density, as is modelled in separate universe approached to cosmological
perturbations [82], or through the effects of spatial gradients [86]. For tensor modes,
however, it is not clear what the dominant effect would be. For instance, it is pos-
sible that a large scale tensor mode modifies our patch of the universe to have an
anisotropic metric, which for instance has been considered in the context of lensing
in [105]. In this case the observable effect of the decaying tensor mode would actually
be the presence of shear modes in the universe. More formal calculations of the shear
modes can be found in [106, 107, 108]. Recent searches for shear modes in a general
class of Bianchi models can be found in [109]. While shear modes are highly con-
strained, relating the decaying modes to the constraints on shear modes will require a
gauge invariant description of matching super-horizon decaying tensor modes to the
shear modes. This would be an interesting endeavour and we leave that for future
works.
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Chapter 4
Screened fifth forces in parity
breaking correlation functions
4.1 Introduction
The standard cosmological model, Λ Cold Dark Matter (ΛCDM), relies on the as-
sumption that gravity is described by a rank 2 symmetric tensor on large scales. The
cosmological parameters fitted to observations such as the cosmic microwave back-
ground [110, 111] and large scale structure [112, 113, 4] assume General Relativity
(GR) as the theory of gravity. However, fundamental puzzles in the ΛCDM model
such as the nature of dark energy and dark matter have encouraged research into the
cosmological implications of modifications to GR, dubbed modified gravity. There
are a plethora of modified gravity models, ranging from the addition or alteration
of terms in the Einstein-Hilbert action to the explicit coupling of additional scalar,
vector or tensor fields (see e.g. [114] for a review). This motivates expanding the pa-
rameter space of traditional cosmological inferences, as well as designing novel probes
with maximum sensitivity to new gravitational degrees of freedom.
The diversity of modified gravity models makes it inconvenient to test them in-
dividually. This has led to the development of generalised frameworks within which
many theories may be tested simultaneously, for example the Effective Field Theory
of Dark Energy [115] and Parametrised Post-Friedmannian framework [116]. Mod-
ified gravity theories may also be characterised by the screening mechanisms they
incorporate to hide the effects of new interactions at small scales. As almost all vi-
able theories employ one of just a handful of screening mechanisms, probing such
a mechanism is tantamount to probing a potentially broad class of theories. These
theories may often be cast as screened scalar–tensor theories (see [117, 118, 119] and
references therein), in which a long-range dynamical field couples universally to mat-
ter, generating a new (“fifth”) force between masses. The Lagrangian is designed so
that the strength or range of the force depends on the local gravitational environ-
ment: the fifth force is suppressed in high-density regions (such as within the Solar
System where the most stringent constraints exist; see [120] and references therein)
but emerges at the lower densities of the Universe at large. This leads to differences
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in both inter-galaxy clustering and intra-galaxy morphology and dynamics between
galaxies in stronger vs weaker gravitational fields. The latter class of signal has been
the subject of a range of tests in recent years [121, 122, 123, 124, 125, 126, 127, 128];
our purpose here is to explore the former.
This chapter investigates the galaxy correlation function (CF) as a probe of
screened fifth forces. It is well known that standard general relativistic effects in
large scale structure give rise to odd CF multiples [129, 130] (or, in Fourier space,
an imaginary part of the power spectrum [131, 132]). These CFs break two distinct
symmetries, at different scales and with different physical causes:
1. In a cluster environment, the CF is asymmetric under a swapping of spatial
locations of galaxies along the line of sight. This is because galaxies behind the
centre of a deep potential well appear closer in redshift space (and therefore
more strongly correlated) than galaxies in front, due to the redshift induced by
the gravitational potential.1 This constitutes a breaking of the spatial isotropy
symmetry group SO(3) into an SO(2) perpendicular to the line of sight, and
is present for a single population of galaxies on cluster scales ∼ 1 − 10 Mpc
[133, 134].
2. The second type of symmetry breaking is present only in the cross-correlation
of two different populations of galaxies: 〈∆B(~x1)∆F (~x2)〉 6= 〈∆F (~x1)∆B(~x2)〉.
Here B and F denote “bright” and “faint” galaxies, meaning that they trace the
underlying matter field in different ways or otherwise have different properties
pertinent to their clustering. For example, even if the galaxies form within the
same dark matter density field and hence gravitational potential, they may form
at different rates and hence end up with different final number densities. This is
manifest in a difference in their bias. These differences in their spatial statistics
correlate most strongly with their z = 0 halo masses [135, 136, 137], with
secondary effects deriving from other galaxy and halo properties (“assembly
bias”; e.g. [138, 139, 140]). Thus galaxy subsamples that differ in any observable
that correlates with halo mass, e.g. luminosity or type, will manifest a parity-
breaking CF. The formation of these different types of galaxy may be driven by
the tidal field or other features of the cosmic web, making the effect a function
of large-scale environment. This effect is present on larger scales than isotropy
violation, ∼100 Mpc, and breaks the qualitatively different symmetry group Z2,
which is parity under swapping the discrete B and F labels.
Although bias is the galaxy property conventionally responsible for giving the
two populations different clustering, another possibility is sensitivity to a screened
fifth force. Screened theories of gravity produce modifications to the gravi-
tational force that depend on galaxies’ internal properties and environments
(Sec. 4.2), in such a way that lower mass galaxies in lower density regions effec-
tively feel stronger gravity. As we describe in detail in Sec. 4.3, this alters the
Euler equation and hence the number densities predicted by relativistic per-
turbation theory. We illustrate the effect schematically in Fig. 4.1 where we
1See fig. 2 of [129].
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Figure 4.1: To tree or not to tree. Schematic of the effect of parity breaking in the
CF. The two galaxies are located in regions of identical external dark matter density
and hence gravitational potential (i.e. excluding the potential due to the galaxies’
halos themselves, which are responsible for their self-screening), but the larger-scale
environments are different. This is illustrated by the surroundings of the trees, which
are windy at x2 but not x1. This difference in environment affects various properties
of the galaxy that impact its clustering, including its bias, magnification bias and,
of particular interest here, sensitivity to a fifth force (quantified by δG ≡ ∆G/GN).
Swapping these parameters between the galaxy overdensities at x1 and x2 alters the
CF, so that it is not symmetric in the galaxy labels.
show two galaxies at different spatial locations x1 and x2 in the same gravi-
tational potential, but with different biases and screening parameters due to
their different environments. The environment is represented by the tree, which
experiences wind at x2 but not at x1, delineating the fact that the environments
are different at the two locations.
Both of these effects are proportional to the gradient of the gravitational potential
and hence receive contributions from fifth forces. In particular, as noted in [129, 141],
in GR the gravitational redshift term of the parity-breaking CF is precisely cancelled
by the light-cone term and part of the Doppler term. This apparent coincidence is
a result of the equivalence principle, whereby both light and matter feel the same
potential. In contrast, theories that are conformally equivalent to GR yet include
fifth forces effectively violate the equivalence principle due to the effect of the fifth
force on timelike but not null geodesics. This reintroduces the redshift term, enabling
relativistic effects to provide a consistency check on the validity of the Euler equation.
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While this effect would also be present under an unscreened fifth force, the additional
effect of screening is that the two types of galaxy that enter the CF may feel different
fifth-force strengths due to their different gravitational environments endowing them
with different scalar charges.2 Thus timelike geodesics are affected differentially by the
fifth force as a function of their trajectory, in further violation of the strong as well as
weak equivalence principle. We show in Sec. 4.3 that this introduces interesting novel
behaviour into the parity-breaking CF. We emphasise that this is not a fundamental
breaking of either parity or the equivalence principle at the level of the Lagrangian.
Rather, it is an effective violation stemming from differences in galaxy properties.
The structure of this chapter is as follows. In Sec. 4.2 we provide theoretical
background on screened fifth forces, and in Sec. 4.3 we lay out the formalism for
calculating the CF in their presence, paying particular attention to the relativistic
parity-breaking part. Sec. 4.5 presents our results for the dipole and octopole, spe-
cialising to a specific chameleon-screened theory, Hu-Sawicki f(R), when numerical
results are required. Sec. 4.6 provides a summary of our results and a brief discussion
of future work, including prospects for testing the effects observationally. Appendix A
presents the full calculation of the CF, and Appendix B shows how our work could be
made more general within the chameleon paradigm by casting the chameleon action
in Horndeski form.
4.2 Screened fifth forces
To see the need for screening in theories with new dynamical degrees of freedom,
consider the behaviour of a free light scalar φ. The Klein-Gordon equation for the
scalar field in the quasi-static limit is
∇2φ = 8piρGα, (4.1)
where ρ is the energy density and α the coupling coefficient of the scalar field to
matter. This is solved by φ = 2αGM/r, which produces the fifth force
F5 = −α∇φ = −2α2GM/r2 = 2α2FN . (4.2)
This modifies the spatial part of the weak-field metric but not the temporal part,
making it sensitive to tests of the Parametrised Post-Newtonian light-bending pa-
rameter γ. The most stringent constraint derives from the radio link to the Cassini
spacecraft, which requires γ < O(10−5) and hence α ≤ O(10−3) [142]. In a Friedman-
Robertson-Walker (FRW) metric, the cosmological effect of the scalar field is given
by
φ′′ + 3Hφ′ + αGρ = 0, (4.3)
where H is the Hubble parameter and prime denotes derivative with respect to
cosmic time. For values of α this small, the final term is negligible and hence the fifth
2The screened fifth force that we invoke does not have to be mediated by a scalar field, but we
will assume so for simplicity.
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force is a tiny perturbation to GR dynamics. The operation of screening may be seen
from the most general equation of motion the scalar field could obey
Σij(φ0)∂iφ∂jφ+m
2
eff (φ0)φ = 8piGα(φ0)ρ, (4.4)
where Σij is a matrix that allows for general non-linear and non-diagonal kinetic
terms. The effective mass is given by the second derivative of the potential term in
the Lagrangian, and α is in general a function of the background field value φ0. The
solution to this equation is
φ = 2α(φ0)G
M
|Σ(φ0)|re
−meff (φ0)r, (4.5)
which illustrates the three qualitatively different mechanisms for removing the influ-
ence of the scalar field in high-density regions:
1. The field can be made short range by giving it a large effective mass at high
density, i.e meff  1/R where R is the size of the system. This is called
chameleon screening [143].
2. The amplitude of the force can be decreased by reducing the coupling to matter
α(φ0). This is most commonly done via spontaneous breaking of a Z2 symmetry
in the field configuration, in which case it is known as symmetron screening
[144, 145].
3. The amplitude of the nonlinear kinetic terms can be increased, Σij  1, ef-
fectively decoupling the scalar field from matter. Depending on the precise
implementation this is called kinetic [146] or Vainshtein screening [147].
Under any one of these mechanisms, the scalar charge of an object depends on its
density and, in the case of chameleon or symmetron screening, also on its gravitational
environment [148, 149, 150]. Low mass unscreened objects feel the full fifth force,
which, in case the scalar field is light relative to their size, effectively causes them to
feel an enhanced Newton’s constant G = GN + ∆G. Conversely, high mass screened
objects have no scalar charge and hence decouple from the fifth force and feel regular
gravity. We describe this with a parameter δG ≡ ∆G/GN , which takes the value 2α2
for fully unscreened objects and 0 for fully screened objects. For partial screening δG
may take any value between these limits. We show in the following section how this
behaviour is manifest in cross-correlation functions when the galaxy subpopulations
have different degrees of screening. In this case we will label δG with a subscript to
indicate which type of galaxy it refers to.
4.3 Correlation Functions under Screened Fifth Forces
The number density of galaxies traces the underlying density field in the universe
on the largest scales. The overdensity in the number of galaxies at position x is
defined by ∆(x) ≡ N(x)−N¯
N¯
, where N is the galaxy number density and N¯ is the
66
mean number density overall. These overdensities contain a wealth of information
about both the initial conditions of the universe and the distribution and properties
of matter on cosmological scales [35]. The derivation of the main effects contributing
to galaxy overdensities at linear order, including observational effects, can be found
in [35, 129, 151]. We summarise them here. At a given redshift z, the overdensity of
galaxies at an angular position nˆ on the sky is given by
∆(z, nˆ) = ∆st(z, nˆ) + ∆rel(z, nˆ) + ∆lens(z, nˆ) + ∆AP (z, nˆ)
∆st(z, nˆ) = bδ(z, nˆ)−H−1∂r(v · nˆ) (4.6)
∆rel(z, nˆ) = H−1∂rΨ +H−1v˙ · nˆ (4.7)
−
[
H˙
H2 +
2
rH − 1 + 5s
(
1− 1
rH
)]
v · nˆ (4.8)
∆lens(z, nˆ) = (5s− 2)
∫ r
0
dr′r′
(
r − r′
2r
)
∇2⊥(Φ + Ψ) (4.9)
∆AP (z, nˆ) = (∂r − ∂η)
[
∆st + ∆rel + ∆lens
] dr(z, nˆ)
∂~Θ
δ~Θ.
(4.10)
~Θ is the cosmological parameter vector and b is the linear bias between the galaxy
density and the dark matter density δ: ∆(x) = bδ(x). H is the conformal Hubble pa-
rameter and Ψ and Φ are the weak-field metric potentials in the conformal Newtonian
gauge:
ds2 = a2(η)
[− (1 + 2Ψ) dη2 + (1− 2Φ) dxidxjδij] . (4.11)
s describes the magnification bias that derives from the slope of the luminosity func-
tion:
s ≡ 2
5
(∫
df (f)N0(f)
)−1 ∫
df
d
df
f N0(f). (4.12)
N0(f)df is the number density of sources with flux f ± df2 and (f) is the detection
efficiency of those sources. r is the comoving radial coordinate in the direction nˆ.
The terms have been separated according to the physical effects that they embody.
∆st contains the standard terms that relate the galaxy overdensity to the dark matter
overdensity and the anisotropy caused by redshift space distortions. This term is
always accounted for in CF analyses. ∆rel contains the relativistic contributions such
as the Doppler and integrated Sachs-Wolfe effects. This is the term which modified
gravity effects alter: the acceleration terms are sourced by the Poisson equation and
are therefore affected by the presence of a fifth force. ∆lens derives from the conversion
of observed solid angle to physical solid angle given lensing along the line of sight.
The final term describes the Alcock-Paczinski effect. We will only be interested here
in the standard and relativistic terms, as it is their correlation that gives rise to the
parity-breaking signal.
The expressions for the overdensities in Eqs. (4.6–4.10) are the same in all metric
theories of gravity where photons travel along null geodesics. This includes all theories
conformally identical to GR, which includes most screened theories. Galaxies on the
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other hand are non-relativistic tracers of timelike geodesics, and are therefore directly
affected by fifth forces. Their motion is governed by the Euler equation, which, in a
perturbed FRW background can be written as
v˙ · nˆ +Hv · nˆ + ∂rΨ = 0. (4.13)
Here we are using the conformal Hubble parameter H. This can be used in Eq.
4.7 to give
∆rel(z, nˆ) = −
[
H˙
H2 +
2
rH + 5s
(
1− 1
rH
)]
v · nˆ. (4.14)
We see that the gravitational effects in the Euler equation cancel some of the terms,
which is a manifestation of the equivalence principle. As noted in [141], this is no
longer true in the presence of a fifth force. According to Eq. 4.2 a long-range fifth
force behaves identically to Newtonian gravity, enabling us to capture its effect with
the transformation
∂rΨ→ (1 + δG) ∂rΨ, (4.15)
which describes a fractional increase in the strength of gravity by an amount δG. As
discussed in Sec. 4.2, the logic of screening implies that this is different for different
galaxies as a function of their mass distributions and environments. We make the
simplifying assumption that δG is a constant for each galaxy population, thereby
ignoring the effect of partial screening. As we consider one population to be fully
screened and the other fully unscreened, this provides an upper bound on the mag-
nitude of their asymmetric cross-correlation. The simple modification of Eq. 4.15
provides a clear intuitive picture of the physical origin of fifth force effects in the
correlation function, and will also show clearly why these generate an octopole in
the presence of screening, a key result of our chapter. Deriving the exact degree of
screening of each object would require solving the equation of motion of the scalar
field numerically in the presence of a given density field (e.g. [152]), which is beyond
the scope of this work.
With this modification, the new expression for the relativistic part of the over-
density ∆rel(F) is the sum of the usual relativistic term in Eq. (4.7) and an additional
term ∆F due to the fifth force:
∆rel(F)(z, nˆ) ≡ ∆rel(z, nˆ) + ∆F(z, nˆ)
∆F(z, nˆ) = ζ
[
v˙ · nˆ
H + v · nˆ
]
(4.16)
where ζ ≡ ( δG
1+δG
)
. This replaces ∆rel in the total expression for ∆.3 ζ = 0 in the case
of complete screening (fifth force fully suppressed) and ζ = ζmax for objects that are
fully unscreened. ζmax is set by the coupling coefficient of the scalar field to matter;
for example it is 1/4 in f(R) where δG = 1/3. As ζ for a given galaxy depends on
3Our parametrisation of modified gravity is related to that of [141] by Γ = δG, Θ = 0; thus,
although somewhat more general, their model does not account for screening as it effectively assigns
the same δG to all galaxies.
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Figure 4.2: Geometry of the CF. The observer is at the origin. B and F denote
“bright” and “faint” galaxies; we are interested in their cross-correlation.
its mass distribution and gravitational environment via its degree of screening, we
assign the two galaxy populations (which we denote “bright”, B, and “faint”, F , as
in Sec. 4.1) different average values ζB and ζF . We can now compute the parity-
breaking CF. The cross-correlation between the B and F populations is given by
〈∆B(x1)∆F (x2)〉, which we write, with the geometry of Fig. 4.2, as
ξ(z, z′, θ)BF = 〈∆B(z, nˆ)∆F (z′, nˆ′)〉. (4.17)
Due to the assumption of statistical isotropy this depends only on the angle θ be-
tween the galaxies as they are projected on the sky. Furthermore, it is important
to remember that z, z′ and θ are observed redshifts and angular sizes. Converting
these to physical quantities depends on the background cosmology, although to linear
order the corrections from this are already accounted for in the expressions for the
overdensities.
In principle there is a CF for each term in ∆, although we are only interested here
in the relativistic part ξrel(F) which is sensitive to the fifth force
ξrel(F)(z, z′, nˆ) = 〈∆stB(z, nˆ)∆rel(F)F (z′, nˆ′)〉
+ 〈∆stF (z′, nˆ′)∆rel(F)B (z, nˆ)〉. (4.18)
The individual CFs are calculated in Appendix A; here we show the final result,
expanded to leading order in d/r  1
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ξrel(F)(r, d, β) = ξrel(r, d, β) + ξ(F)(r, d, β)
ξrel(r, d, β) =
2As
9pi2Ω2m
HD2f
H0
{
P1(cos β)ν1(d)
[
(bB − bF )
(
H˙
H2 +
2
rH
)
−
(
1− 1
rH
)
(5(sBbF − sF bB) + 3f(sB − sF ))
]
+2P3(cos β)ν3(d)
(
1− 1
rH
)
f(sB − sF )
}
ξ(F)(r, d, β) =
2AsM
9pi2Ω2m
{
P1(cos β)ν1(d)
[
(bF ζB − bBζF )− 3
5
f(ζB − ζF )
]
+ P3(cos β)ν3(d)
[
2f
5
(ζB − ζF )
]}
. (4.19)
We have defined f ≡ d lnD
d ln a
, where D is the linear growth factor. Throughout our
calculations we have assumed these are scale-independent, following [141]4 Pn is the
Legendre polynomials of order n, bB and bF are the biases for the bright and faint
galaxies respectively, and
ν`(d) ≡
∫
d ln k (kη)ns−1
(
k
H0
)3
j`(kd)T
2(k),
M(a) ≡ D
2
H0H
(
H˙f +Hf˙ + f 2H2 + fH2
)
. (4.20)
We have dropped all terms in ξrel that involve the correlation of two relativistic terms
(〈∆rel∆rel〉) as these are suppressed by factors of H
k
.
As anticipated in Sec. 4.1, besides modifying the cosmological background the fifth
force affects the CF in two distinct ways. The first is the reintroduction of redshift
terms due to the difference induced between null and timelike geodesics (first term
in ξ(F)). This would also be present under a universally-coupled (i.e. non-screened)
fifth force and is the type of modified gravity considered by [141]. The second is the
relative effect on the B and F populations due to their different sensitivities to fifth
forces under a screening mechanism. This is shown by the remaining terms in ξ(F)
which are proportional to ζB−ζF . We see that the fifth force introduces both a dipole
(the term proportional to to P1ν1) and an octopole (the term proportional to P3ν3).
While the dipole is increased by both screened and universal fifth-force terms, in the
absence of screening the octopole is only present if sB 6= sF . Thus, as discussed in
more detail below, the octopole may provide a particularly clean probe of screening.
4In principle this can generalised and the growth factor made scale dependent. We plan on
exploring this for more generic modified gravity theories in the modified Boltzmann code HiClass
[153] in future works. We take the first steps in this direction by writing our screening model in
Horndeski form in Appendix B.
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4.4 Correlation function parameter space
The CF of Eq. 4.19 depends on several parameters of standard ΛCDM, as well as those
of modified gravity. The aim of this section is to explain and quantify the effects of
these parameters. We begin by classifying them into two sets: 1) Those that affect
the background cosmology and hence all CFs, and 2) Those that are specific to the
parity-breaking CF and describe the environmental dependences of galaxy formation.
We term the first set global and the second set, whose members carry a B or F index,
local. The parameters are listed in Table 4.1, along with their fiducial values which
we use throughout our analysis unless otherwise stated.
On a practical note, the global parameters take longer to evaluate as they affect
background quantities such as the matter power spectrum: thus each point in pa-
rameter space corresponds to a run of a Boltzmann code. The local parameters are
simply multiplicative factors in front of the functions of global parameters, making
their parameter space in principle much quicker to explore.
As 2.1 ×10−9
h 0.7
Ωbh
2 0.0224
Ωch
2 0.112
k∗ 0.05 Mpc−1
ns 0.96
fR0 0
(bB, bF )z=0 (1.7, 0.84)
(b
f(R)
B b
f(R)
F )z=0 (1.64, 0.8)
(sB, sF ) (0.1, 0)
(δGB, δGF ) (0, 1/3)
Table 4.1: Global (upper) and local (lower) parameters, along with their fiducial
values. The bias values used in the f(R) plots are different from GR and are denoted
by the f(R) superscript index.
4.4.1 Global parameters
There are three groups of global parameters. The first contains the standard ΛCDM
parameters. As the effects of these on CFs have already been extensively studied
[154, 155, 156, 157, 158, 159], we do not investigate them further here. The second
set quantifies the effects of “galaxy formation” physics, which generates non-linear
corrections to the transfer function. We check the importance of this by using the
Halofit fitting function [160] to obtain the non-linear matter power spectrum, and
show its effect on the dipole in Fig. 4.3. We see that on scales below ∼10 Mpc non-
linearities lead to an O(1) modification, but the difference decays away rapidly on
larger scales. From now on we will only use the transfer functions and power spectra
with these non-linearities included.
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The final set of global parameters describes the effect of modified gravity on the
background perturbations, specifically the transfer function and power spectrum. To
compute this effect we specialise to the case of Hu-Sawicki f(R) [161], an archety-
pal and well-studied chameleon-screened theory known to be stable to instabilities,
propagate gravitational waves at the speed of light and be capable of screening the
Milky Way to pass local fifth-force tests. Although representative of the chameleon
mechanism, Hu-Sawicki occupies only a small part of the full chameleon parameter
space. A general chameleon model introduces three new degrees of freedom. At the
level of the Lagrangian these are, for example, the {n,Λ,M} of [162] Eq. 2.5 (see
also Appendix B). Phenomenologically they are the strength of the fifth force between
unscreened objects (related to α in Eq. 4.1), the range of the fifth force (Compton
wavelength of the scalar field) and the self-screening parameter χ (e.g. [162] eq.
3.2) that determines the threshold Newtonian potential at which screening kicks in.
In f(R) the coupling coefficient of the scalar field to matter is fixed at α = 1/
√
6
(δG = 1/3) while the parameters n and Λ describing the field’s potential are related.
In the Jordan frame, the Hu-Sawicki action is given by
S =
∫
d4x
√−g
(
M2pl
2
(R + f(R)) + Lm
)
, (4.21)
where
f(R) = −m2 c1(R/m
2)k
c2(R/m2)k + 1
(4.22)
and Lm is the matter Lagrangian. The mass scale is set by the average density of
the Universe, m2 = ρm/(3M
2
pl), and c1, c2 and k are dimensionless free parameters.
It is shown in [163] that only k and c1
c22
affect the matter power spectrum and thus the
model only contains two relevant degrees of freedom. k = 1 is a standard choice that
we adopt here. In the Einstein frame this is a scalar–tensor theory in which the scalar
field is fR ≡ df/dR, the present value of which is also completely determined by c1c22 .
The field at the cosmological background value of R, fR0, determines the structure
formation history of the Universe as well as the range and screening properties of the
fifth force at a given epoch, and is effectively the theory’s only degree of freedom.
GR is recovered in the limit fR0 → 0, and values in the range ∼ 10−4 − 10−6 have
observable consequences in galaxy clustering, redshift space distortions, cluster abun-
dance, intensity mapping and the matter bispectrum (see e.g. [164] and references
therein). For the Solar System to be screened requires fR0 . 10−6. Smaller values
may be probed by galaxy-scale tests [124, 125, 123, 127, 128], which now rule out
fR0 > few × 10−8 [126].
For one of our galaxy types to self-screen and the other not, the screening parame-
ter χ must be between their characteristic Newtonian potentials. This can be written
in terms of the background scalar field value as χ ' 3/2 fR0. The halo masses calcu-
lated in Sec. 4.4.2 imply |ΦF | ' 1× 10−6 and |ΦB| ' 6× 10−6 (c ≡ 1). The galaxies
may however be partly environmentally screened, increasing the required value of χ.5
5To determine the screening properties of both galaxy populations one would ideally solve the
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Figure 4.3: The change to the z = 0.3 ΛCDM dipole when a linear or non-linear
power spectrum/transfer function (from Halofit) is used, relative to the linear case.
10−6 . fR0 . 10−5 is therefore likely to separate the galaxies by screening properties,
and also causes the scalar field to mediate an astrophysical-range fifth force [161].
This is therefore the range that we consider.
We compute the matter power spectrum using a modified version of CAMB cali-
brated with N -body simulations in the k = 1 model [166], and plot this for different
fR0 values at various redshifts in Fig. 4.4. We see that the power spectrum changes
by ∼ 20% on scales smaller than ∼ 1 Mpc for fR0 = 10−5, while for fR0 = 10−6 the
change is only a few percent. This is propagated into the CF in Sec. 4.5.
4.4.2 Local parameters
We consider three local parameters: galaxy bias b, magnification bias s and fifth-
force sensitivity δG. The first two are present in ΛCDM and give rise to the standard
parity-breaking CF, while the latter is the specific focus of our study. We describe
our choices for these parameters below.
• (bB, bF ): As our fiducial case we take the B galaxies to be luminous red galax-
ies and the F galaxies to be emission line galaxies, with biases in ΛCDM of
1.7 and 0.84 respectively at z = 0 [4]. These are typical populations that
will be measured by the forthcoming DESI survey, which will provide the next
equation of motion for the scalar field given the mass distribution around the galaxies, or at least a
proxy for the field such as the Newtonian potential [165]. However, as we are interested here in the
general effects of a screened fifth force we leave this more detailed investigation for future work.
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Figure 4.4: The matter power spectrum evaluated in ΛCDM and f(R) for a range
of redshift and fR0 values. The percentage difference is plotted with respect to the
ΛCDM values with the fiducial parameters of Table 4.1.
significant improvement in measurement of the parity-breaking CF.6 Under the
Sheth–Tormen model [167] these biases correspond to halo masses ∼1013h−1M
and ∼1014 h−1M respectively. When showing results for z > 0 we model the
redshift dependence of the bias as [168, 169, 170, 129]
bB/F (z) = 1 + (bB/F (z = 0)− 1)D(z = 0)
D(z)
(4.23)
with D the regular growth factor. We check how the dipole is affected by a
change in the bias and as a function of redshift in Fig. 4.5. To account for
the fact that the bias is reduced in f(R) due to the action of the fifth force
(e.g. [171]), we take b
f(R)
B (z = 0) = 1.62, b
f(R)
F (z = 0) = 0.8 when we study
fR0 = 10
−5.7 We also use the growth function in f(R) theory to compute the
change in bias at different redshifts. This leads to a O(10%) change in the bias
at z = 1. These bias values are used for the f(R) cases of Figs. 4.6 and 4.7.
• (sB, sF ): If the magnification bias is the same for both galaxy populations then
the octopole in ΛCDM is zero. Under this common assumption the octopole is
a unique signature of screened fifth forces: as shown in Eq. 4.19, even modified
6Forecasts for testing gravity with the parity-breaking CF for non-screened theories can be found
in [141]
7Taken from fig. 14 of [172] for galaxies of mass 1013M/h and 1014M/h for bF (z = 0) and
bB(z = 0). We take the mean value from both box sizes and thus change the bias by ∼ -4% for both
types of galaxies.
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gravity without screening does not produce it. However, in order to gauge the
relative importance of magnification bias and fifth force, we consider a plausible
value of sB − sF = 0.1 [156, 173, 174].
• (δGB, δGF ): There are various considerations for setting the values of δGB and
δGF . δGB should be no larger than δGF because brighter galaxies should be
more massive (and occupy denser environments), and hence more screened. Our
requirement that |ΦF | . χ . |ΦB|, and assumption of f(R) in the background,
implies δGB = 0, δGF = 1/3 as our fiducial choice. It is worth noting, however,
that one can construct theories in which the change to the transfer function and
growth rate is small but the unscreened δG is O(1) or larger, in which case the
predicted signal simply scales the ΛCDM result linearly with δG. The parity-
breaking CF would provide maximal sensitivity to screening per se in such a
scenario, due to the insignificance of modified gravity in the background.
4.5 Results
In this section we calculate the dipole and octopole numerically in our model. We use
the Boltzmann code CAMB [175] to compute the transfer functions in ΛCDM, along
with the modification presented in [166] for f(R). Throughout the computations
we use the fiducial parameters presented in Table 4.1 and a range of redshifts, z ∈
{0.1, 0.3, 0.5, 0.8}.
First we check the sensitivity of the dipole to local parameters. Fig. 4.5 shows
the dipole at various redshifts for a range of galaxy bias, magnification bias and δG
values. We assume throughout that the B galaxies are completely screened while
varying the screening felt by the F galaxies; conversely, when investigating bias we
fix bF and sF . We see that δGF = 1/3, which corresponds to complete unscreening
in f(R), changes the dipole by ∼ few× 0.1% for z = 0.1, 0.3, whereas at z = 0.5, 0.8
the change is ∼ few × 1% − 10%. A ∼ 10% change in the galaxy bias changes the
dipole by the same amount. Decreasing the magnification bias by a factor of (2, 5)
decreases the dipole by ∼ (10, 15)% at all redshifts except z = 0.8 where the effect
is slightly smaller. Interestingly, at z = 0.8 the percentage change due to screening
is roughly the same as the effect of varying the bias in the range we consider. This
shows that to able to detect the modification due to screening it will be necessary
to know or model the galaxy bias to ∼ 0.1 − 1% for z = 0.1, 0.3, but only ∼ 5, 10%
for z = 0.5, 0.8. It is also worth noting that the galaxy bias is typically measured
in combination with σ8 in clustering analyses, while breaking the degeneracy with
σ8 requires information from weak lensing. The magnification bias would need to be
known to a within a factor ∼10 to constrain screening parameters at low redshift,
while at higher redshift it must be known to within a factor ∼2.
Next we show in Fig. 4.6a the dipole for fR0 = 10
−5, which generates a cosmological-
range fifth force. We see that the dipole changes by O(1) on scales . 10 Mpc, but
less at higher redshift. For z = 0.5 and below the change is O(0.1 − 1%) on scales
& 20 Mpc. Thus the effect from the change in background in f(R) theories appears to
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Figure 4.5: CF dipole for various values of local parameters in a ΛCDM background,
as listed in the legend of subfigure (a) and the same in all cases. Changes are defined
with respect to the fiducial values listed in Table 4.1. Each subfigure corresponds
to a particular redshift, as indicated. The lower panels show the magnitudes of the
percentage changes with respect to the fiducial ΛCDM dipole (grey line).
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(a) The dipole for a range of models involv-
ing local screening and/or modification to the
cosmological background. The solid line is the
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(b) The absolute value of the octopole for the
same models as in Fig. 4.6a. The change in
the octopole for different local parameter val-
ues can be read off from Eq. 4.19. We scale
the blue line down by a factor of 10 in the
percentage change in order for it to fit on the
plot: the true value is ∼200%.
Figure 4.6: Dipole and octopole components of the parity-breaking CF in ΛCDM and
f(R) for 0.1 < z < 0.8.
dominate the effect of realistic screening values by an order of magnitude for z . 0.5,
while at higher z the screening effect can be twice as important as the change in back-
ground. Thus the most promising regime in which to search for signs of screening in
the dipole is z > 0.5, while at lower redshift one should hope instead to detect the
change due to the effect of modified gravity on the growth rate and transfer function.
In Fig. 4.6b the octopoles for both ΛCDM (with and without screening) and f(R)
background with fR0 = 10
−5 are computed. We see that in the case of fR0 = 0 (i.e.
a local screened fifth force in a ΛCDM background), the octopole changes by few
×1% for z = 0.1, 0.3, whereas for z = (0.5, 0.8) it changes by ∼ (10%, 25%). This
always dominates over the effect of background modification only (no local screening).
It is worth bearing in mind that in ΛCDM (and non-screened modified gravity), an
octopole only arises due to the difference in magnification bias between the two galaxy
populations, which is typically assumed to be zero. In this case any octopole would
be a sign of screening. The results for any local parameter choices can be readily
constructed as they simply multiply the curves in Fig. 4.6b.
To summarise the effects of modified gravity, we show in Fig. 4.7 the variation of
the percentage change with redshift in the range 0.1 < z < 0.8, at a fiducial scale of 30
Mpc. It is worth remembering that the octopole is always negative for our parameter
choices, and the effect of screening is to reduce the dipole (hence the red line lying
below the green in Fig. 4.7a). We see that the octopole is very sensitive to screening
parameters at high redshift even with sB = 0.1 (which determines the size of the
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Figure 4.7: Absolute values of percentage change in the dipole and octopole under
local screening and/or background modification as a function of redshift at a scale
of 30 Mpc. The percentage difference is defined relative to ΛCDM with the fiducial
parameters of Table 4.1. The points, connected by straight lines, indicate the specific
redshifts at which we perform the calculation. The legend is the same in the two
panels.
octopole in our ΛCDM model). The change in dipole due to local screening is at
most O(10%) at high z, while the effect of background modification in non-screened
modified gravity is roughly independent of redshift.
Current measurements of the dipole, for example from the LOWz and CMASS
samples of the BOSS survey (e.g. [154] fig. 7), have a signal to noise ratio (SN) of
< 1 in the dipole. In addition to the relativistic effects considered here, there are
other terms that contribute to this and are in fact larger, including the wide angle
and large angle effects. It is shown in [154] that the current data from BOSS is only
able to detect (at ∼2σ) the large angle effect, which is is a geometrical combination of
the monopole and quadrupole and hence contains no additional physical information.
Thus the detection of relativistic effects in the dipole will require data from future
surveys such as DESI and SKA. As the modifications due to screening are O(10%) in
the dipole at high redshift one would need SN&10 to detect them, while the detec-
tion of local screening at low redshift would require an additional order of magnitude
improvement (along with more precise modelling of the bias parameters). While it
will be challenging for future surveys to detect the dipole at SN=100 (e.g. it is fore-
cast in [154] that DESI will reach S/N≈7), it is shown in [155] that a combination
of SKA intensity maps and galaxy number counts can reach this sensitivity. There-
fore it may be feasible for future surveys to probe both modified gravity in general,
and screening in particular, through the dipole. To quantify the exact sensitivity
to screening parameters, folding in uncertainties in growth rate and bias as well as
cosmological variables such as mν ,Ωm and σ8, one could perform a Fisher forecast for
next-generation experiments with cross-correlations of tracers. Any measurement of
the octopole may provide information on modified gravity.
Finally, it is worth noting that while we have computed the effect of the fifth
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force on the CF across a wide range of scales, in general we expect the force to be
suppressed beyond the Compton wavelength of the field responsible for it. Given a
Compton wavelength one can simply read off the change in the CF from Fig. 4.6
up to that scale, and assume a rapid transition back to ΛCDM beyond that. This
applies only to the local fifth-force modification, however, and not the background. A
completely self-consistent model would require solving the equation of motion for the
field numerically given the mass distribution of the volume under consideration, while
ensuring that the same fundamental theory parameters source both local screening
and cosmic structure formation.
4.6 Summary and future work
We have calculated the effect of a screened fifth force on the parity-breaking corre-
lation function (CF) obtained by cross-correlating two populations of galaxies that
differ in properties relevant to their clustering. We show that this generates new
terms in the dipole and octopole that are not present in ΛCDM, and in some cases
neither in non-screened modified gravity theories. In particular, provided the mag-
nification bias is the same between the two galaxy populations the octopole is only
present under screening. In general this will not be true and thus the magnification
bias will have to be corrected for. Should the octopole be detected it could provide a
relatively clean probe of a screened fifth force.
The CF is also affected by cosmological modified gravity in the background, which
alters the transfer function and growth rate. To model this we use a version of CAMB
that has been modified [166] to implement Hu-Sawicki f(R), a canonical chameleon-
screened theory. We find that Hu-Sawicki models with a fifth force on the scales in
which we are interested (10−6 . fR0 . 10−5) lead to deviations of O(10%) in the
dipole. To model the effect of screening we assume bright galaxies are completely
screened in the Euler equation (i.e. feel GR), whereas faint galaxies feel the full fifth
force. This is, of course, an approximation that is unlikely to be true in a cosmological
setting, however it allows us to estimate the strength of the signal to screening. For
fifth-force strengths ∼10−100% of Newtonian gravity this leads to further changes in
the dipole and octopole of a few percent at redshifts below z = 0.3, while for higher
redshifts, e.g. z = 0.8, the dipole and octopole can change by ∼ 10 − 20%. We also
show that uncertainties in the magnification and galaxy bias affect the dipole at the
∼ 10% level across the redshift range we consider, and therefore need to be known or
modelled to this precision in order to extract information about screening.
Current state-of-the-art data from BOSS has signal to noise < 1 in the dipole, and
is not therefore able to detect these effects [154]. However, upcoming DESI data will
increase the signal to noise to∼7, which will provide sensitivity to interesting modified
gravity modifications to the cosmological background and local screening parameters
at z ≈ 0.8. The effect of screening at lower redshift may also be detectable using
cross-correlations of multiple tracers, for example SKA intensity maps with galaxy
number counts from Euclid or DESI [155]. Another interesting prospect is the cross-
correlation of galaxies with voids, which have negative bias and hence maximise the
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bias difference with the bright galaxy sample. This would however render the effect
of screening further subdominant to the ΛCDM dipole. As the magnification and
galaxy bias affect even multipoles of the CF as well, the best way to constrain the
combination of bias parameters and screening (which affects the odd multipoles) will
be to do a joint inference on all multipoles simultaneously.
We have quantified modified gravity at the background level for the chameleon-
screened Hu-Sawicki model of f(R) only. Our analytic result in Eq. 4.19, however,
holds for all screened theories, including those that employ qualitatively different
mechanisms such as Vainshtein. Even within the chameleon paradigm Hu-Sawicki
f(R) covers only a small fraction of the parameter space. In Appendix B we cast
the general action for chameleon screening into Horndeski form. Therefore, a natural
follow up would be to investigate the parity-breaking CF across the full chameleon
(or more general) parameter space in the background, which could be achieved by
implementing the general action in a modified gravity Boltzmann code such as HiClass
[153].
It is worth recalling here the assumptions that go into our analytic calculation of
the correlation function, which may limit its scope:
• Our main assumption is that the effect of screening can be accounted for by
a simple modification to the acceleration of the form Eq. 4.15, with constant
δG. This amounts to the approximation that the two sets of galaxies we are
correlating are either completely screened or completely unscreened. In reality
galaxies may be partly screened, and the fifth force may be sourced by only a
fraction of the matter that sources the Newtonian force. This generically reduces
δG below 1/3 in f(R), and hence reduces the magnitude of ξ(F). To account for
this fully one would need to solve the scalar field equations numerically given
the density field surrounding the galaxies (e.g. [152]).
• We have shown that the halo/galaxy bias is degenerate with the strength of
screening in the dipole. It is therefore important for the bias to be known or
modelled accurately in order to extract the screening signal. An order O(10%)
change in the bias at high redshifts8 (which is expected in f(R) theory, e.g. [171])
will lead to a change in the dipole of a similar magnitude. Thus we must be able
to model the galaxy bias to percent level precision in modified gravity in order
to isolate the screening signal. We have attempted to account for this by taking
the bias, as a function of mass, from f(R) simulations [172], and accounting for
the change in bias self-consistently as a function of redshift by using the using
the f(R) growth factor. The octopole however is independent of halo/galaxy
bias, making it a particularly robust probe of screened fifth forces.
• Assembly bias will generically lead to differences in the bias of the two galaxy
populations at fixed halo mass, and more generally to deviations from the
Sheth–Tormen prediction. It is also a function of modified gravity, as halos
8This also depends on mass.
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tend to form earlier in cosmologies with larger fR0. A more precise understand-
ing of this phenomenon will aid in distinguishing bias differences from effects
related to screening.
The effect of the environment in which the galaxies form (represented by the trees
in Fig. 4.1), could also contribute to the breaking of parity. For example, as bright
galaxies are likely to have more dust around them than faint galaxies, a faint galaxy
in front of a bright one will appear brighter than an identical one behind [176, 129].
The fully self-consistent way to account for all of these effects is to run numerical
simulation of structure formation under screened modified gravity (e.g. [177, 178, 179,
180, 181]) and then compute the parity-breaking correlation function directly from
the resultant galaxy density field. The advantage of our analytic approach is that it
brings out the physical processes underlying such parity breaking and hence reveals
novel features such as the presence of an octopole, which is not typically calculated
in simulations. More detailed numerical modelling than we have performed will in
any case likely be necessary to extract, validate and interpret a signal from data.
In summary, the effects of modified gravity in the parity-breaking CF could be
probed in the near future with surveys such as DESI and SKA, with the best hope
for constraining screening parameters coming from cross-correlation of tracers at mul-
tiple wavelengths. These analyses, augmented by numerical simulations, should be
included in the fundamental physics agenda of large scale structure surveys in the
coming decade.
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Chapter 5
The effect on cosmological
parameter estimation of a
parameter dependent covariance
matrix
5.1 Introduction
We are entering a phase in which cosmological galaxy surveys will have remarkable
constraining power. This arises from the fact that they will cover large areas of the
sky, to large depths and, in consequence, with a high number density [182, 183, 184,
185, 186, 187]. As a result, the statistical power of these surveys will be astounding.
To access their scientific potential, it will be necessary to control any systematic
effects with exquisite accuracy. While there has been much focus on the instrumental
and astrophysical limitations of any particular survey, care is now being given to the
analysis pipeline and the approximations which are currently being used. In this
chapter we focus on one such aspect: the covariance matrix in the likelihood analysis
used for constraining cosmological parameters.
Given a set of cosmological observations, for example in the form of a map, a
galaxy catalogue, a correlation function or power spectrum, the process for estimat-
ing cosmological parameters is straightforward. One feeds the data into a likelihood
function which assesses the likelihood of a given theory, given the data. With a judi-
cious use of Bayes theorem, one explores a range of theoretical parameters (that can
be cosmological but also can characterise underdetermined properties of the survey or
astrophysical effects that may be present) to find the subspace of parameters which
is most compatible with the data. In doing so, one also derives uncertainties on these
parameters. It is therefore equally important for this procedure to produce unbiased
parameter estimates and precise error bars.
There are a number of effects that can plague cosmological parameter estimation.
For a start there are errors due to the inaccurate modelling of simulated data, x(p) and
the corresponding, covariance matrix Σ estimated from them. These can come from
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not understanding the underlying model (e.g. baryonic effects in the matter power
spectrum [188, 189, 190, 191], the precise nature of the galaxy-matter connection
[192, 193] or the impact of intrinsic alignments [194, 195]). Then there are errors due
to incorrect assumptions about the statistics of the data and covariance matrix. For
example there may be non-Gaussian corrections to Σ (i.e. corrections associated to
the non-Gaussian nature of the fields being correlated). Then there are errors due to
an incorrect model of the likelihood (e.g. assuming a Gaussian function of the data
vector by default). Finally, even within the Gaussian approximation, there are errors
that may arise from ignoring the parameter dependence of the covariance matrix. It
is on this last source of errors that we will focus in this chapter.
There is a growing literature on the accuracy of likelihood functions and its impact
on parameter estimation. A key focus has been on how well one needs to know the
covariance matrix and how Gaussian the likelihood function is. Covariance matrices
are generally estimated from a large number of simulations; there is now a clear
understanding of the errors associated with such a process and how to correct for
them [196, 197, 198, 199, 200, 201, 202, 203, 204] . A recent proposal in [205] provides
a novel data compression algorithm that reduces the number of simulations needed
by a factor of 1000 to estimate the covariance matrix for Gaussianly distributed data.
There have also been attempts at constructing better models, or approximations, for
the likelihood function that include the fact that it may be non-Gaussian [206, 207].
There have been attempts to analytically calculate the non-Gaussian contributions
to the covariance matrix. The authors of [208] use a perturbation theory approach
to compute the non-Gaussian contribution of the matter power spectrum to 1-loop
and compare the results to simulations. A linear response approach to calculating the
non-Gaussian contribution of the covariance matrix is presented in [209, 210]. In the
case of large-scale structure observables like the cosmic shear power spectrum, it has
been pointed out that that the dominant contribution to the non-Gaussian covariance
is the term that comes from super-sample covariance (SSC) [211]. Separate-universe
simulations have been used to evaluate the response functions for various observables
such as weak lensing and the matter power spectrum [212, 213].
In this chapter, our aim is to quantify the impact on parameter estimation of
including (or not) the parameter dependence of the covariance matrix for upcoming
photometric redshift surveys. Previous work on this topic has focused on the Fisher
information of a parameter-dependent covariance in the two-point likelihood of Gaus-
sian random fields [214], and on the overall parameter dependence of the cosmic shear
two-point covariance [215], where the authors quantified the effect on the likelihood
contours of σ8 and Ωm, using both analytic and ray tracing simulations. Here we will
focus on galaxy clustering and galaxy shear for a tomographic survey, and we will sys-
tematically analyse the effect of a parameter-dependent covariance matrix (including
the effects of super-sample covariance) in terms of information content, parameter
biases and final uncertainties.
The chapter is structured as follows. In Section 5.2 we present the various types
of likelihoods which we will be studying and show how we can use the Fisher forecast
formalism to find an estimate of the bias and errors of the model parameters; we
consider a few simplified models to get an idea of what one should expect in the
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more general, realistic case. In Section 5.3 we look at a realistic survey scenario,
involving a combination of weak lensing and galaxy clustering and calculate the bias
and compare the errors depending on the choice of likelihood. In Section 5.4 we
discuss the implications of our results while in Appendix A we present a few, key,
technical aspects of our calculation of the covariance matrix.
5.2 Approximating the likelihood
The aim of this section we quantify the impact of a parameter-dependent covariance
on the bias and variance of parameter estimates. The impact of biases on the data
vector has been quantified in e.g. [216, 217], and the parameter dependence of the
covariance has been explored in [215, 218]. In particular we calculate the bias in
inferred parameters explicitly due to the parameter dependence of the covariance
matrix, which is a key result that hasn’t been calculated before as far as we know.
In general, for a Gaussian data vector d, the likelihood is given by
p(d|~θ) =
exp
[
−1
2
(d− t)T Σ−1 (d− t)
]
√
det (2piΣ)
, (5.1)
where both the mean t and the covariance matrix Σ may in principle depend on the
parameters ~θ.
To begin with, we will start with the simple scenario, well known in the literature,
in which the data is a single Gaussian sky map. It will be instructive to review some
basic points about Gaussian likelihoods and the role covariance matrices play in them.
In doing so, we will identify two approximations to the true likelihood function (for
parameter-dependent and independent covariances) and how one might assess the
difference in the parameter estimates they lead to.
5.2.1 Likelihoods and covariances: the case of a 2-dimensional
Gaussian field
Consider the harmonic coefficients a`m of a single full-sky map. Under the assumption
that they are statistically isotropic, their covariance matrix is diagonal, and given by
the angular power spectrum C`:
〈a`m a∗`′m′〉 ≡ C` δ``′δmm′ . (5.2)
If we further assume that the mean of the map is zero, and that it is Gaussianly
distributed, its likelihood is completely determined by the power spectrum, and takes
the form:
p(a`m|~θ) =
∏
`
exp
[
−2`+ 1
2
Ce`
C`
]
(2piC`)
− 2`+1
2 , (5.3)
where Ce` ≡
∑`
m=−` |a`m|2/(2` + 1) is the estimated power spectrum. For simplicity,
let us focus on a single multipole order `, and we will also use the goodness of fit
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G = −2 log p. Assuming flat priors on all parameters, the posterior distribution for ~θ
is simply given by this likelihood, and therefore
G(~θ|a`m) = (2`+ 1)
[
Ce`
C`
+ log(C`)
]
+ const. (5.4)
It is often desirable to compress the data into a quadratic summary statistic, such
as Ce` . If we consider C
e
` to be the data, then the likelihood is described by the
Wishart distribution [219] given by
Gexact(~θ|Ce` ) = (2`+ 1)
[
Ce`
C`
+ logC` − 2`− 1
2`+ 1
ln(Ce` )
]
constant, (5.5)
where we have used the label “exact” to distinguish this distribution from the two
approximations below. The extra term in this expression is a Jacobian/volume term
that comes about due to the change of variables from ae`m to C
e
` . This expression
effectively tells us that z = (2`+ 1)Ce` /C` obeys a χ
2
2`+1 distribution.
For any distribution G, the Fisher information matrix is given by
Fµν = 1
2
〈∂µ∂νG〉 , (5.6)
where we have used the shorthand ∂µ = ∂/∂θ
µ ≡ ∂/∂~θ. For the exact likelihood in
Eq. 5.5 we find
F exactµν =
2`+ 1
2
∂µC`
C`
∂νC`
C`
(5.7)
Until now, all our calculations have been exact in the limit of Gaussian, full-sky
maps. Let us now consider a simplification that can be made if we assume that Ce`
itself is Gaussianly distributed. This is a valid approximation in the large-` limit, since
the number of independent modes contributing to a given C` grows like `, and the
Central Limit Theorem (CLT) eventually applies. Of course, one has to determine
what suffficiently Gaussian means - the Planck likelihood code uses ` < 29 as a
low ` cutoff for its likelihoods (for lower `’s it uses a pixel based likelihood), thus
one can use this as a heuristic value for when Gaussianity is a good approximation.
In this approximation, and under the assumption that the covariance is parameter-
independent, the likelihood takes the form
GPI(~p|Ce` ) ' G˜(~p|Ce` ) =
(Ce` − C`)2
Σf`
, (5.8)
where the label PI identifies this distribution with the case of a “parameter-independent”
covariance matrix, and where we have defined the power spectrum covariance Σf`
〈Ce`Ce`′〉 − 〈Ce` 〉〈Ce`′〉 ≡ Σf` δ``′ . (5.9)
Wick’s theorem can be used to relate Σf` to the underlying fiducial power spectrum
Cf` , finding the well-known result
Σf` =
2Cf 2`
2`+ 1
(5.10)
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where Cf` is a fiducial power spectrum which is independent of the cosmological pa-
rameters. One can show that this approximation can be obtained by Taylor expanding
Eq 5.5 in ξ = (C` − Ce` )/Ce` to get
G˜(~p|Ce` ) = (2`+ 1)
[
1
2
ξ2 +
2
2`+ 1
logCe`
]
+ constant (5.11)
and assuming Ce` ' Cf` .
This approximate likelihood is similar to the original exact likelihood in two ways.
First, their Fisher matrices coincide if Cf` is the true underlying power spectrum
FPIµν =
2`+ 1
2
∂µC`
Cf`
∂νC`
Cf`
. (5.12)
Secondly, in the simplest case, where our only free parameter is the amplitude of
the power spectrum itself (i.e. θ ≡ C`), both likelihoods yield unbiased maximum
likelihood estimators for this parameter:
Cˆexact` = Cˆ
PI
` = C
e
` , 〈Ce` 〉 = Cf` (5.13)
Consider now a different approach and take the large ` limit of Eq (5.5). Applying
the CLT we have that ξ obeys a Normal distribution, N [0, `+ 1/2], i.e.:
GPD(~θ|C`) = log(Σ`) + (C` − C
e
` )
2
Σ`
(5.14)
where now the covariance matrix
Σ` =
2
2`+ 1
C2` (5.15)
depends on θ (and hence the label “PD”). Accounting for this parameter dependence,
the Fisher matrix for this distribution is
FPDµν =
2`+ 5
2
∂µC`
C`
∂νC`
C`
, (5.16)
and the maximum likelihood estimator for the power spectra is
CˆPD` = C
e
`
2`+ 1
4
[√
1 +
8
2`+ 1
− 1
]
' Ce`
[
1− 2
2`+ 1
]
, (5.17)
where in the second line we have kept only the first-order term of the large-` expansion
of the first line. Therefore, GPD reduces to Gexact in the large-` limit.
We thus see that in this particular case, while assuming a parameter independent
covariance matrix may lead to unbiased parameter estimates, it necessarily leads to
a mis-estimate of the parameter uncertainties (unless the chosen fiducial covariance
Σf` is the underlying true one). A parameter dependent covariance matrix (assuming
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a Gaussian approximation for the likelihood) leads to both biased parameter esti-
mates and a misestimate of the uncertainties but there is a well defined limit in
which it recovers both correctly and this limit is set by the number of modes being
considered in the analysis. This point was made by [214], who also show that using
a parameter-dependent covariance when approximating the two-point likelihood of
Gaussian random fields is formally incorrect.
The question then arises: how important, in practice, is the parameter dependence
in the process of parameter estimation from current and future data sets? In this
chapter, we go beyond the simple analysis of 2D full-sky Gaussian fields presented
here to consider the case of tomographic analyses with non-Gaussian contributions
to the covariance matrix.
5.2.2 Likelihoods and covariances: the general case
The aim of this section is to derive approximate expressions for the parameter uncer-
tainties and biases associated to the parameter dependence of the covariance matrix.
Using the identity log detM = Tr logM, let us start by writing the goodness of fit for
the generic multi-variate Gaussian distribution (Eq. 5.1) as
Ggen(d|~θ) = (d− t)T Σ−1 (d− t) + Tr (log Σ) . (5.18)
Let us now define three sets of parameters
1. ~θT: the true parameters that generate the data.
2. ~θPD: the maximum-likelihood parameters found by minimizing GPD, the version
of Ggen in which the covariance matrix depends on ~θ.
3. ~θPI: the maximum-likelihood parameters found by minimizing GPI, the version
of Ggen in which the covariance matrix does not depend on ~θ.
~θT generate the data in the sense that 〈d〉 = t(~θT)1 and〈
[d− t(~θT)] [d− t(~θT)]T
〉
= Σ(~θT). (5.19)
We will also assume that the PI likelihood uses the true covariance as the fiducial
one, i.e. Σf = Σ(~θT)
2. This will allow us to isolate the impact of the parameter de-
pendence from the systematics effects associated with using an inaccurate covariance
matrix. For brevity, we will often use the shorthand ΣT ≡ Σ(~θT). Note that, at this
stage, we have not made any statements about the validity of either GPI or GPD
3,
1We note that this assumes that the theory we have, in this case ΛCDM , is the true theory of
the universe. This of course may not be true however answering that question is tangential to the
goal of this chapter and thus we do not address this further.
2Note that this choice only simplifies the calculations, but does not affect our results. Choosing
any other fiducial point (~θPI, or ~θPD for example) only leads to second-order corrections.
3Note however, that as pointed out in [214] and in Section 5.2.1 there is a clear distinction between
both for Gaussian random fields, and using a parameter-dependent covariance produces fictitious
information.
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and we will focus only on the comparison of their associated parameter uncertainties
and on their relative bias.
By definition
∂GPD
∂~θ
∣∣∣∣
~θPD
= 0. (5.20)
Writing ~θPD = ~θPI + ∆~θ and GPD = GPI + ∆G we can expand the equation above to
linear order, to find
∂2GPI
∂~θ∂~θ
∣∣∣∣
~θPI
∆~θ +
∂∆G
∂~θ
∣∣∣∣
~θPI
= 0, (5.21)
where ∂/∂~θ and ∂2/∂~θ∂~θ is shorthand for the parameter gradient and Hessian matrix
respectively. Taking the expectation value of the equation above, the parameter bias
can be estimated in this approximation as
∆~θ = −1
2
F−1PI
〈
∂∆G
∂~θ
∣∣∣∣
~θPI
〉
, (5.22)
where FPI is the Fisher matrix for the parameter-independent case, given simply by
FPI,µν ≡ ∂µtT Σ−1 ∂νt. (5.23)
To evaluate ∆~θ for the distribution in Eq. 5.18, let us start by writing ∆G to first
order in ∆Σ ≡ Σ−ΣT
∆G = − (d− t)T Σ−1T ∆Σ Σ−1T (d− t) + Tr
(
Σ−1T ∆Σ
)
.
Differentiating with respect to ~θ we obtain
∂µ∆G = 2∂µt
TΣ−1T ∆Σ Σ
−1
T (d− t) + Tr
[
Σ−1T ∂µΣ
(
Σ−1T (d− t)(d− t)T − 1
)]
,
where in the second line we have used the fact that ∂µ∆Σ ≡ ∂µΣ. Before continuing,
it is important to note that, according to Eq. 5.22, we must evaluate this expression
at the parameter-independent best fit ~θPI. This best fit satisfies
∂GPI
∂θµ
∣∣∣∣
~θPI
= −2∂µtTΣ−1T (d− t) = 0. (5.24)
Now let us define δd ≡ d − t(~θT) and δ~θ ≡ ~θPI − ~θT. To linear order in δ~θ, the
equation above reads
∂µt
TΣ−1T (δd− ∂νt δθν) = 0, (5.25)
and we can solve for δ~θ as
δ~θ = F−1PI
∂tT
∂~θ
Σ−1T δd (5.26)
or, equivalently
d− t(~θPI) =
[
1− ∂t
∂~θ
F−1PI
∂tT
∂~θ
Σ−1T
]
δd. (5.27)
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Substituting this in Eq. 5.24, making use of the fact that 〈δd〉 = 0 and 〈δd δdT 〉 ≡
ΣT, and after a little bit of algebra, we obtain〈
∂∆G
∂θµ
∣∣∣∣
~θPI
〉
= −Tr
[
Σ−1T
∂Σ
∂θµ
Σ−1T
∂t
∂~θ
F−1PI
∂tT
∂~θ
]
. (5.28)
With index notation then, the parameter bias is
∆θµ = −1
2
F−1PI,µν F−1PI,ρτ ∂ρtT Σ−1 ∂νΣ Σ−1 ∂τt. (5.29)
This is a key result of our chapter.
The effect of the parameter-dependent covariance on the final parameter uncer-
tainties can be taken into account simply by accounting for this parameter dependence
when deriving the Fisher matrix. Such a calculation yields [40]
FPD,µν = FPI,µν + 1
2
Tr
[
∂µΣ Σ
−1 ∂νΣ Σ−1
]
. (5.30)
The parameter uncertainties can then be estimated by inverting the Fisher matrix in
either case.
5.2.3 Large-scale structure likelihoods
Let us now specialise the discussion in the previous section to the case of a data
vector made up of the collection of auto- and cross-power spectra between different
sky maps, each labelled by a roman index (e.g. ai`m labels the harmonic coefficients
of the i-th). In general, each sky map will correspond to an arbitrary projected
astrophysical field, and the discussion below covers this general case. However, here
we will only consider maps from two types of tracers, the galaxy number overdensity
δg and the cosmic shear γ, each measured in a given tomographic redshift bin. The
cross-power spectrum between two fields is〈
ai`ma
j∗
`′m′
〉
= Cij` δ``′δmm′ . (5.31)
Cij` can be related in general to the matter power spectrum in the Limber approxi-
mation [220] through [221]
Cij` =
∫ ∞
0
dχ
qi(χ)qj(χ)
χ2
P
(
z(χ), k =
`+ 1/2
χ
)
, (5.32)
where the window functions for δg and γ are
qδ,i(χ) = b(χ)
dni
dz
(χ)H(χ), (5.33)
qγ,i(χ) =
3H20 ΩM
2 a(χ)
∫ χH
χ
dχ′
dni
dz
(χ′)
χ′ − χ
χχ′
. (5.34)
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Here b(χ) is the linear galaxy bias, dni/dz is the redshift distribution of lens or source
galaxies respectively in the i-th redshift bin, normalised to 1 when integrated over
the full redshift range, and χH is the distance to the horizon.
Since our data vector is an ordered list of cross-power spectra between different
pairs of maps (ij) at different scales `, the covariance matrix depends on 6 indices
Σij,`mn,`′ ≡
〈
Cij` C
mn
`′
〉
. (5.35)
In order to account for the non-Gaussian nature of the late-times large-scale structure,
we estimate the covariance matrix as a sum of both the Gaussian and super-sample
covariance (SSC) contributions [222, 208]
Σ = ΣG + ΣSSC. (5.36)
We neglect other non-Gaussian corrections from the connected trispectrum, which are
known to be subdominant with respect to the SSC contribution, at least for cosmic
shear studies [211].
Note that it is important to account for non-Gaussian contributions coupling
different scales in order to address the relevance of the parameter dependence of
the covariance matrix. As discussed in Section 5.2.1, for a single Gaussian map,
the relative bias between the PI and PD likelihoods drops like ∼ 1/` for a single
multipole order (see Eq. 5.17), and therefore as ∼ 1/`2max for a maximum multipole
`max, becoming negligible for a sufficiently large number of modes. This will in general
also be true for an arbitrary number of maps, since the same arguments hold for each
of the independent eigenmaps that diagonalize Cij` . Non-Gaussian contributions to
Σ will couple different scales, effectively reducing the number of independent modes,
and therefore may enhance the impact of the parameter-dependent covariance.
The Gaussian contribution to the covariance matrix can be estimated as [223]
(ΣG)
ij,`
mn,`′ = δ``′
Cim` C
jn
` + C
in
` C
jm
`
fsky(2`+ 1)
. (5.37)
Note that we account for an incomplete sky coverage by scaling the full-sky covariance
by 1/fsky to account for the reduced number of available modes. This is not correct
in detail, since measurements on a cut sky induce mode correlations, but it is a good
enough approximation for forecasting [224]. It is also important to note that the
power spectra entering Eq. 5.37 must contain both signal and noise contributions.
The former are given by Eq. 5.32, while the latter are
N δ,ij` =
1
nig
δij, N
γ,ij
` =
Σ2γ
nig
δij, (5.38)
where nig is the mean angular number density of objects in the i-th redshift bin, and
Σγ = 0.28 is the intrinsic ellipticity dispersion per component.
We compute the SSC contribution to the covariance matrix as described in ap-
pendix ??. However, ignoring this contribution for the moment, we can use the
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Figure 5.1: Left: distribution of maximum-likelihood estimates of an overall
power spectrum amplitude parameter in the case of parameter-dependent (red) and
parameter-independent (blue) covariances. The parameter dependence of the co-
variance matrix causes a downwards relative bias with respect to the parameter-
independent case, as well as a mild shrinkage of the parameter uncertainties. Results
are shown for a small maximum multipole (`max = 10 in order to highlight the ef-
fects of the parameter dependence. Right: relative bias (red) and shift in uncertainties
(blue) due to the parameter dependence of the covariance matrices as a function of the
maximum multipole `max (note that both quantities are normalized by the parameter-
independent error bars). The red circles show the values found by directly evaluating
the exact likelihood for 106 simulations, while the solid lines show the values found
in our Fisher matrix approximation. The Fisher approach is able to reproduce the
exact result with good accuracy for both quantities, slightly over-estimating the bias
for small `max.
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simple dependence of the Gaussian covariance with fsky to study the importance of
a parameter-dependent covariance matrix as a function survey properties. Simple
inspection of Eq. 5.22 shows that, since FPI ∝ fsky, the parameter bias scales like
∝ f−1sky. On the other hand, the effect on parameter uncertainties is
Σµ =
√
(F−1)µµ (5.39)
=
√
(FPI + ∆F)−1µµ (5.40)
' ΣPIµ −
1
2
(F−1PI ∆F F−1PI )µµ
ΣPIµ
, (5.41)
where ∆F is the second term in Eq. 5.30, and in the last line we have expanded to
first order in this parameter. Since ∆F does not scale with fsky, the correction to
the parameter errors (given by the second term above) is ∝ f−3/2sky . Thus, in general
the relevance of a parameter-dependent covariance matrix will decrease with the sur-
veyed area. This results holds also in the presence of non-Gaussian contributions to
the covariance. The SSC term arises from the non-linear coupling induced between
different modes by the presence of super-survey, long-wavelength modes. Its impact
will therefore increase for smaller sky areas, and therefore we can expect it to induce
a slightly steeper dependence on fsky than the purely Gaussian case.
The expected behaviour with the smallest scale included in the analysis `max is also
similar: increasing the number of modes reduces the relative impact of the parameter-
dependent covariance. The non-Gaussian terms can somewhat modify this behaviour,
due to mode coupling. However, the relative impact of the SSC contribution will also
decrease for larger survey areas, or for more noise-dominated datasets.
5.2.4 Analytic example: the power spectrum amplitude
Before we study the importance of the parameter dependence in the covariance matrix
in detail for the case of tomographic large-scale structure datasets, let us examine a
particularly simpler scenario: a single sky map, and a single parameter quantifying
the overall amplitude of the power spectrum (for instance, this would correspond to
the case of As or Σ8 for linear power spectra). In this case, we can calculate the
impact of the parameter-dependent covariance exactly, and therefore it allows us to
quantify the validity of the Fisher approximations derived in the previous section. Let
us label the amplitude parameter A, such that our model for the measured angular
power spectrum is related to the a fiducial one as
C` = AC
f
` . (5.42)
We will assume a fiducial value of A = 1, and consider a purely Gaussian covariance
with no noise
Σ``′ =
(ACf` )
2
n`
δ``′ , (5.43)
where n` = `+ 1/2.
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On the one hand, the parameter-dependent and independent likelihoods are (up
to irrelevant constants) given by
GPD(A) =
`max∑
`=0
n`
(r`
A
− 1
)2
+ 2(`max + 1) ln(A) (5.44)
GPI(A) =
`max∑
`=0
n` (r` − A)2 , (5.45)
where r` = C
d
` /C
f
` , and C
d
` is the measured power spectrum. The maximum-likelihood
solutions for A for a given realisation of the data then are
AˆPD =
S1
2(`max + 1)
[√
1 + 4
(`max + 1)S2
(S1)2
− 1
]
(5.46)
AˆPI =
S1
S0
(5.47)
where Sn ≡
∑
` n`r
n
` . On the other hand, our Fisher predictions for the parameter
bias and the parameter-independent and parameter-dependent errors (Eqs. 5.29 and
5.30) are
〈∆A〉 = −(S0)−1 = − 2
(`max + 1)2
, (5.48)
ΣPI(A) = (S0)
−1/2 =
√
2
`max + 1
, (5.49)
ΣPD(A) = ΣPI(A)
[
1 +
4
(`max + 1)
]−1/2
(5.50)
where `max is the maximum multipole included in the analysis.
To validate these results, we generate 106 random Gaussian realisations of r` with
standard deviation Σ` = n
−1
` , and compute AˆPD and AˆPI for each of them. We then
evaluate the mean and standard deviation of both quantities and compare them with
the approximate results in Eqs. 5.48, 5.49 and 5.50. The results of this validation
are shown in Figure 5.1. The left panel shows an example of the distributions of AˆPI
(blue) and AˆPD (red) for the case of `max = 10. As discussed above, the small number
of modes in this case highlights the relevance of the parameter-dependent covariance,
which produces a noticeable relative bias on A and a decrease in its uncertainty [219].
The right panel then shows the relative parameter bias and shift in uncertainties
normalised by ΣPI as a function of `max for the simulated likelihoods (circles) and for
our Fisher predictions (solid lines). The Fisher approximation is remarkably good,
and remains accurate at the 10% level even for low values of `max ∼ 30.
5.3 Forecasts
We apply the results discussed in the previous section to the case of imaging surveys
targeting a joint analysis of galaxy clustering and weak lensing. We start by describing
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Figure 5.2: Redshift distribution for the overall sample assumed in this analysis
(dashed black) and for each of the 10 redshift bins (solid coloured lines). For simplicity
we assume the same redshift distribution for both lenses and sources.
the assumptions we use to quantify the expected signal and noise of these surveys
and then present our results regarding the relevance of the parameter dependence of
the covariance matrix.
5.3.1 Survey specifications
We assume an LSST-like survey. For simplicity we assume the same redshift distri-
bution for the clustering and lensing samples with a redshift dependence [7]
dN
dz
∝ z2 exp
[
−
(
z
z0
)α]
, (z0, α) = (0.12, 0.7), (5.51)
and a total number density ng = 27 arcmin
−2. We split the total sample into 10
photometric redshift bins with approximately equal number of galaxies in each bin.
The redshift distributions for each bin are calculated assuming Gaussian photometric
redshift uncertainties with a standard deviation Σz = 0.05 (1 + z). These are shown
in Figure 5.2.
We produce forecasts for a set of 4 cosmological parameters: the fractional matter
density ΩM , the matter power spectrum amplitude Σ8 and equation of state param-
eters w0 and wa. The forecasts presented below are marginalized over 6 nuisance
parameters corresponding to the values of the linear galaxy bias in 6 redshift nodes
z = (0.25, 0.75, 1.25, 1.85, 2.60, 3.25). We assume a linear dependence with redshift
between these nodes, and our fiducial bias values correspond to b(z) = 1+0.84 z [225].
Since the aim of this work is to explore the impact of parameter-dependent covari-
ances, and not to produce forecast of the expected cosmological constraints, we do
not consider any other sources of systematic uncertainty, such as intrinsic alignments,
multiplicative shape biases or photometric redshift systematics.
Finally, our fiducial forecasts assume a sky fraction fsky = 0.4, as expected for
LSST, and a constant scale cut `max = 3000 for all redshift bins. A more realistic
choice of scale cuts would be motivated by modelling uncertainties, by removing all
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Figure 5.3: Relative difference in the uncertainties on late-time cosmological param-
eters due to the parameter dependence of the covariance matrix as a function of
survey area for a fiducial `max = 3000. From left to right, we show results for galaxy
clustering, weak lensing and for the combination of both probes. Results are shown
for Gaussian covariance matrices (dashed lines) and including the super-sample co-
variance (solid lines). As argued in Section 5.2, the importance of the parameter
dependence grows towards smaller fsky, as the number of modes available decreases.
Nevertheless, the effect is never larger than ∼ 20% of the statistical errors for the
smallest sky fractions (fsky = 0.005), and is below 1% for LSST-like areas (fsky ' 0.4).
scales smaller than the physical scale of non-linearities kNL, necessarily in a redshift-
dependent way. By not removing these scales at low redshifts (`NL(z = 0.5) '
kNLχ(z = 0.5) ' 400 for kNL = 0.3hMpc−1), our fiducial choice emphasizes the role of
super-sample covariance, potentially highlighting the effects of parameter dependence
in the covariance. At the same time, we have seen that these effects become less
relevant as we increase the number of independent modes, and therefore we will also
present results as a function of `max and fsky.
5.3.2 Results
We compute the Fisher matrices for parameter-dependent and independent covari-
ances as well as the bias due to the parameter dependence as described in Section
5.2.2, using Eqs. 5.23, 5.30 and 5.29. Here t is the vector of all possible cross-power
spectra between two tracers (δg or γ) in any pair of redshift bins, calculated using Eq.
5.1 (with noise power spectra given by Eq. 5.38), and Σ is the covariance matrix of
this data vector, calculated as in Eq. 5.36. To compute all angular power spectra we
use the Core Cosmology Library4 [226], which we also modified to provide estimates
of the super-sample covariance as described in Appendix ??. Note that, we do not
compute power spectra and covariance matrices for all integer values of `. Instead,
we use 15 logarithmically-spaced bandpowers between ` = 20 and ` = 3000.
We report our results in terms of the relative parameter biases and the relative
4https://github.com/LSSTDESC/CCL
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Figure 5.4: Same as Fig. 5.3 for the relative parameter bias. The effects of a
parameter-dependent covariance are always smaller than 30% of the statistical uncer-
tainties for the smallest sky areas (∼ 0.5% of the sky) and become percent-level for
LSST-like areas (fsky ' 0.4).
error differences
∆θµ
ΣPI,µ
,
∆Σµ
ΣPI,µ
≡ ΣPI,µ −ΣPD,µ
ΣPI,µ
, (5.52)
where ΣPI and ΣPD are computed from the inverse of the corresponding Fisher ma-
trices. Results are reported for the 4 cosmological parameters (ΩM ,Σ8, w0, wa). Since
the aim of this chapter is to study the relevance of the parameter dependence in the
covariance matrix, and not to produce cosmological forecasts for future surveys, we
do not report absolute errors on these parameters.
Figure 5.3 shows the relative difference in the statistical uncertainties as a function
of sky area for a fiducial `max = 3000. Results are shown for galaxy clustering, weak
lensing and for the combination of both. We also show the impact of the super-
sample contribution to the covariance matrix by displaying results with (solid) and
without it (dashed). In all cases, the information contained in the covariance matrix
is very small, and would only lead to a ∼ 20% suppression of the uncertainties for
the smallest sky areas (∼ 0.5% of the sky), corresponding to e.g. CFHTLens [227] or
the first data release of HSC [187]. The effect becomes even less important for larger
sky areas, as more independent modes become available and concentrate most of the
information on the power spectrum. For LSST-like areas (fsky ' 0.4) the effect is, at
most, of the order of 1% of the statistical uncertainties.
The same results are shown in Figure 5.4 for the relative parameter biases, and
similar conclusions hold. The effects are always smaller than ∼ 0.3Σ on small survey
areas, and get suppressed to a percent fraction of the statistical uncertainties for larger
areas. While these effects are small, it is interesting to note that they are enhanced
by considering a more accurate model of the covariance matrix that includes the SSC
term. Thus we see once again the effect of the super-sample covariance inducing
a statistical coupling between modes which then reduces the effective number of
independent degrees of freedom and and enhances the relative information content of
the covariance matrix.
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Figure 5.5: Left: relative error difference due to a parameter-dependent covariance for
the four cosmological parameters studied here as a function of the maximum multipole
`max included in the analysis for a fiducial sky fraction fsky = 0.4. Right: same as the
left panel for the relative parameter bias. As expected, the impact of the parameter
dependence grows as we reduce the number of independent modes used in the analysis.
In all cases, the effect is smaller than ∼ 20% of the statistical uncertainties, even for
`max ∼ 20, and becomes percent-level for realistic values (`max ∼ 1000).
For a fixed LSST-like sky fraction (fsky = 0.4), Figure 5.5 shows the impact of
the parameter dependence of the covariance matrix as a function of the maximum
multipole `max included in the analysis. Results are shown for the error difference (left
panel) and biases (right panel), and we also show the impact of the super-sample
covariance term. Again, as expected based on our discussion in Section 5.2, the
information content of the covariance matrix decreases as more independent modes
are included in the analysis. The impact, both on the uncertainties and on the
parameter biases, is smaller than ∼ 20% of the overall statistical error budget (and
this only for `max = 20). For more realistic scale cuts (`max ∼ 1000), the effect is
suppressed to the level of O(1%).
5.4 Summary
In the era of precision cosmology it is becoming increasingly important to understand
the systematic and statistical errors that occur during parameter estimation. In this
chapter we have analysed the effect of using a likelihood with a parameter dependent
covariance matrix on the inference of cosmological parameters. The computation of
covariance matrices for large-scale structure surveys is a numerically complex prob-
lem for which multiple approaches have been proposed in the literature. Therefore,
assessing the need to estimate the covariance at every point of a given likelihood
evaluation, rather than estimating it only once for a set of parameters sufficiently
close to the maximum likelihood, is important for future surveys, where covariance
estimation will become more computationally demanding.
We have focused our analysis on the two main aspects of parameter inference:
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final statistical uncertainties and parameter biases. For multivariate Gaussian likeli-
hoods, we have quantified the impact on the statistical errors using a standard Fisher
matrix approach that accounts for the parameter dependence of both the mean and
covariance (Eq. 5.30). We have also derived an expression to estimate the expected
parameter bias by expanding the likelihood around its maximum. The resulting ex-
pression (Eq. 5.29) is easy to calculate and has not been presented before to our
knowledge. We have evaluated the accuracy of this approximation by comparing its
predictions with the analytical solutions available for a simplified case involving a
single amplitude parameter and a single sky map (Section 5.2.4). This exercise shows
that our approximate estimates are indeed accurate as long as the true parameter
bias is small, and that, if anything, our approximations will slightly overestimate this
bias. The methods used here are therefore perfectly applicable to the case we study,
and a more computationally expensive approach involving a full evaluation of the
likelihood through Monte-Carlo methods is unlikely to yield different results.
We have then evaluated the parameter shifts and error differences for the particular
case of a large-scale structure experiment targeting the joint measurement of galaxy
clustering and cosmic shear. The Fisher information for the parameter dependent
covariance matrix, in contrast to the parameter independent case, does not increase
with the survey area. This can be seen in Eq 5.30 where all factors of fsky in the
covariance matrix cancel out for the second term. The associated parameter bias,
on the other hand, is roughly inversely proportional to fsky (see Section 5.2.3). This
means there will always be a regime in which the parameter dependence becomes
important, the question is whether it will be important for any practical value of
fsky. Our study of simple single-map cases (Sections 5.2.1 and 5.2.4) have shown that
the impact of a parameter-dependent covariance decreases with multipole order (e.g.
Eqs. 5.48 and 5.50), and therefore the generic message is that the relative information
content in a parameter-dependent covariance decreases as more independent modes are
included in the survey. To account for mode-coupling induced by non-linear evolution
of the matter overdensities, we have included the super-sample contribution to the
covariance matrix, which has been determined to be the most relevant contribution
in the range of scales considered here [208]. We note that we have not considered
additional nuisance parameters such as shifts in the photometric redshifts, the impact
of baryons or intrinsic alignments. We have also only taken into account the super-
sample covariance contribution to the Gaussian covariance matrix, neglecting all other
parts of the connected trispectrum. While this has been determined to be sufficiently
accurate for lensing observables [211] large-scale structure studies exploring the deeply
non-linear regime will require a more careful treatment. Nevertheless, we don not
expect any of these effects to change our results significantly. Furthermore it is
conceivable that in situations where the parameter space is extended, to include more
exotic models of dark energy for example, the likelihood may become Non-Gaussian
and then the parameter dependence of the covariance may need to be taken into
account.
Our findings, summarised in Figures 5.3, 5.4 and 5.5 show that, for any current
and future surveys, the parameter dependence of the covariance matrix can be safely
ignored, since it only leads to changes in the statistical errors and maximum-likelihood
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parameters that are . 1% of the statistical uncertainties. For surveys targeting very
small sky fractions (fsky < 1%) or very large scales (` . 20), the impact of the
parameter dependence becomes more important, but the impact is at most at the
∼ 0.2Σ level, both in biases and uncertainties. Note that the these effects are suf-
ficiently small that it strongly justifies the use of the Fisher formalism to undertake
this estimate, but a more thorough analysis of these effects in cases where informa-
tion content of the covariance is significant would require the use of a full likelihood
exploration. Since we can expect systematic and numerical uncertainties to be at
least as important, it is safe to say that the parameter dependence of the covariance
matrix can be ignored in all practical cases.
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Chapter 6
Concluding remarks
6.1 Summary of thesis
In this thesis we have questioned some of the basic assumptions of the ΛCDM model.
We summarise the results and conclusions from all the chapters now.
• We started by analysing the initial conditions for the perturbations that describe
the formation of structure in the universe. In general there can be three types of
perturbations; scalars, vectors and tensor perturbations. In chapter 2 we focus
on analysing the scalar perturbations. The general scalar initial conditions can
be adiabatic or isocurvature and we focused on the most general set of modes
in adiabatic perturbations. Within adiabatic modes, we analyse the decaying
modes which are usually ignored. This is because if inflation is assumed to hap-
pen before the radiation dominated era, then the decaying mode is suppressed
by O(e#efolds). We remain agnostic to the source of perturbations and allow
both modes to exist. By parameterising the primordial power spectrum as a set
of bins with independent amplitudes, we use the fisher information matrix to
constrain the amplitudes in each of the modes. The best constrained modes, for
both decaying and growing initial conditions, are in the range k ∼ 10−3 − 10−1
Mpc−1. This is a new breakthrough as it shows the decaying modes are not
highly constrained on subhorizon scales where we understand the physics well
and therefore should not be neglected a priori in cosmological analysis. The
decaying mode is also highly constrained on very large scales of order k ∼ 10−4
Mpc−1 and smaller. This is because the decaying mode has a 1
kτ
factor which di-
verges at early times and on superhorizon scales. Interpreting these constraints
is not easy as there are modes of the order of 10−5 Mpc−1 which will never
enter our universe and thus it is not clear how they will effect the physics of
inside our patch of the universe. We speculate on potential mechanisms for how
this might happen, for instance in a separate universe approach, the effect of
large scale scalar modes on our local patch of the universe might be change the
background cosmological parameters such as the matter density in our universe.
• Most models of the early universe predict that there should be primordial tensor
perturbations. These leave an imprint into the temperature and polarisation
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anisotropies of the CMB. Like the scalar perturbations, the equation of motion
for the tensor perturbations is also a second order differential equation and thus
has two orthogonal solutions. We analyse the effect the decaying mode tensor
perturbation has on the CMB anisotropies in chapter 3. By performing the
same analysis as we did for the scalar modes we find that the best constrained
modes for growing and decaying initial conditions are on scales of k ∼ 5× 10−4
Mpc−1 and k ∼ 7 × 10−3 Mpc−1. The physical reason for this is that the
tensor modes generate polarisation in the CMB photons during reionisation and
recombination (due to the scattering of the photons from the local quadrupole
of the gravitational waves) and these are the scales that are best constrained.
This also means that the decaying and growing modes are indistinguishable if
they are sourced at horizon crossing at the time of recombination. The only way
to distinguish the decaying mode from the growing mode is by measuring the
B mode signal at reionisation. This qualitatively new understanding is crucial
for our understanding of fundamental physics, for instance we will need to able
to distinguish between growing and decaying modes to determine whether or
not inflation happened. The interpretation of large scale tensor modes is also
problematic. We speculate that the physical effect of large scale tensor modes
might be to give rise to an anisotropic background metric to our universe,
for instance in the form of one of the Bianchi models. This would mean the
observables of large scale tensor modes might actually be the presence of shear
modes. We leave the mathematical formulation of this equivalence for future
works.
• The next assumption of the ΛCDM model we challenge is the theory of gravity
itself. In chapter 4 we present a novel test of gravity on galactic and cosmolog-
ical scales. Cross-correlating two different types of galaxy gives rise to parity
breaking in the correlation function that derives from differences in the galaxies’
properties and environments. This is typically associated with a difference in
galaxy bias, describing the relation between galaxy number density and dark
matter density, although observational effects such as magnification bias also
play a role. In this chapter we show that the presence of a screened fifth force
adds additional degrees of freedom to the correlation function, describing the
effective coupling of the force to the two galaxy populations. These are also
properties of the galaxies’ environments, but with different dependence in gen-
eral to galaxy bias. We show that the parity-breaking correlation function can
be calculated analytically, under simplifying approximations, as a function of
fifth-force strength and the two populations’ fifth-force charges, and explore the
result numerically using Hu-Sawicki f(R) as a toy model of chameleon screen-
ing. We find that screening gives rise to an octopole, which, in the absence of
magnification bias, is not present in any gravity theory without screening and
is thus a qualitatively distinct signature. The modification to the dipole and
octopole can be O(10%) and O(100%) respectively at redshift z & 0.5 due to
screening, but decreases towards lower redshift. The change in the background
power spectrum in f(R) theories induces a change in the dipole of roughly the
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same size, but dominant to the effect of screening at low z. While current data
is insufficient to measure the parity-breaking dipole or octopole to the precision
required to test these models, future surveys such as DESI, Euclid and SKA
have the potential to probe screened fifth forces through the parity breaking
correlation function.
• In chapter 5 we test the assumptions made in cosmological data analysis and
parameter inference. Cosmological large-scale structure analyses based on two-
point correlation functions often assume a Gaussian likelihood function with a
fixed covariance matrix. We study the impact on cosmological parameter esti-
mation of ignoring the parameter dependence of this covariance matrix, focusing
on the particular case of joint weak-lensing and galaxy clustering analyses. Us-
ing a Fisher matrix formalism (calibrated against exact likelihood evaluation
in particular simple cases), we quantify the effect of using a parameter depen-
dent covariance matrix on both the bias and variance of the parameters. We
confirm that the approximation of a parameter-independent covariance matrix
is exceptionally good in all realistic scenarios. The information content in the
covariance matrix (in comparison with the two point functions themselves) does
not change with the fractional sky coverage. Therefore the increase in informa-
tion due to the parameter dependent covariance matrix becomes negligible as
the number of modes increases. Even for surveys covering less than 1% of the
sky, this effect only causes a bias of up to O(10%) of the statistical uncertain-
ties, with a misestimation of the parameter uncertainties at the same level or
lower. The effect will only be smaller with future large-area surveys. Thus for
most analyses the effect of a parameter-dependent covariance matrix can be ig-
nored both in terms of the accuracy and precision of the recovered cosmological
constraints.
6.2 Ongoing work
There are various natural follow up studies to the work present in this thesis, several
of which are currently in progress.
6.2.1 Future of initial conditions
The initial conditions for the scalar perturbations only focused on adiabatic pertur-
bations. In principle we can also perform the same analysis for isocurvature pertur-
bations by allowing their primordial power spectrum to also be a set of independent
bins in k space. Furthermore, to find the modes that are best constrained a principal
component analysis can be performed. Finally, in our analysis so far we have only
used the CMB as a probe to constrain the decaying modes. In principle one can also
use other data sets such as galaxy clustering and lensing and compute the Fisher
matrix for those as well.
Since we have real data from Planck we can constrain the amplitude of the decay-
ing modes directly from data as opposed to using a Fisher approach. In addition, we
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assume that the rest of the cosmological parameters are fixed when the amplitudes of
the decaying modes were analysed. While this was a more conservative approach, as
we effectively reduce the degrees of freedom to fit to the data by fixing the cosmological
parameters, it is not the most accurate approach. In general, we should constrain the
decaying mode along with the cosmological parameters and then marginalise over the
cosmological parameters to get the final posteriors for the decaying mode amplitude.
6.2.2 Advanced statistical methods
New data sets such as those from large galaxy surveys and weak lensing surveys are
becoming increasingly large and complex. Machine learning techniques are ubiquitous
in almost every field now, from applications in self driving cars to analysing speech
and text. The fundamental use of machine learning is in making predictions1. Ma-
chine learning techniques have been used in cosmology to solve a range of prediction
problems, for instance to predict the formation of large scale structure as supposed
to using costly N-body simulations [228].
We have attempted to use it to analyse images of the CMB temperature anisotropies.
Images of the CMB can often be masked due to foreground sources or telescope noise.
This leaves images with holes/missing values and this limits the amount of informa-
tion available to construct the power spectra for temperature anisotropies. A method
to reconstruct masked images can potentially increase the amount of information in
CMB maps and thus increase constraining power. In an upcoming project we use
a variant of Generative Adversarial Networks [229] to reconstruct CMB images and
temperature power spectra. Examples of the reconstructed images can be seen in
figure 6.1.
6.3 Final thoughts
Just over 50 years ago Penzias and Wilson made the first experimental measurement
that could directly be used to test cosmological models2. The field of cosmology
has evolved tremendously since then, both with new theoretical understandings and
new observational probes. This thesis has only focused on a small subset of both
theoretical and observation problems in our current understanding of cosmology. A
schematic diagram of the major problems in our current understanding of cosmology
is shown in figure 6.2. In the future there will be many new cosmological probes,
from gravitational waves observations to new galaxy surveys, that can help shed light
on the open problems in cosmology. To harness the full power of different datasets
it will be crucial to have a sound understanding about how to combine different
data sets, particularly when they measure different quantities such as the lensing of
galaxies and the polarisation anisotropies in the CMB. At present there is a tension
1A very nice book describing an economist view on the use of machines can be found in this
book: http://predictionmachines.ai
2One could even argue that Hubble starting testing the basic models of cosmology by studying
the expansion of the universe - however this was far from the precision science we study today.
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Figure 6.1: Reconstructing CMB images
between the value of the Hubble parameter inferred from large scale cosmological
probes such as the CMB and local measurements of the expansion of the universe
such as supernovae measurements [230, 17, 231, 232, 233]. This is just one example
of a case where having a thorough understanding of how data sets should be combined
could be very important for understanding the true nature of this tension, i.e if it is
a physical effect or a misunderstanding of the observations.
On the theory side, understanding the very early universe has a been a topic that
has been dominated by the inflationary paradigm. While this has been hugely suc-
cessful, the observational evidence of inflation is still limited. As we have pointed out
in this thesis, it is possible that novel early universe physics, such as bouncing/cyclic
models, could also explain current CMB observations. As constraining individual
models can be time consuming, it is important to find general frameworks/questions
104
Quantum 
beginning of the 
universe
Combining data 
sets
New surveys
Computational 
challenges
New statistical 
techniques
Initial 
conditions
Cosmological 
parameters
Cosmology in the future
Theory Observations
Scalar 
Tensor 
Dark sector 
Gravity 
Hubble
Intensity mapping
Weak lensing
Supernovae
CMB secondary anisotropies
Gravitational waves
Covariance matrices
Likelihood modelling
N-Body/Hydro simulations
Likelihood free inference 
Machine learning
Sampling techniques
Figure 6.2: Schematic diagram showing a non-exhaustive list of areas in cosmology
that are likely to be developed in the future. The topics shaded in blue are the ones
that have been partly addressed in this thesis. As the sketch shows, there are many
more topics that need to be addressed. With the advent of many new observational
surveys such as DESI [4], SKA [5], CHIME [6], LSST [7] and many more that will
probe various different aspects of cosmology, it is likely that the progress in the future
will be driven by tackling challenges related to observational cosmology. There are
many areas that need to be explored in theoretical cosmology as well. Predominantly
they are related to finding a model that describes the beginning of the universe,
beyond the radiation domination era, and a model that can describe the dark sector
physics. Ideally we would want a model that can describe both the early universe and
the late universe (dark sector) physics. While coming up with these models can be
difficult, generalised frameworks exist in which the phenomenology of a class of models
can be worked out, for instance the Horndeski parametrisation of scalar tensor theories
[8] and the effective field theory of inflation [9]. At the top of the figure, in dotted
boxes, are two areas which may be crucial to understand. The first is the theoretical
framework to test for entanglement in the early universe. This can in principle be
done in a model independent way and can definitively answer the question of whether
the structure in the universe originates from quantum fluctuations. Understanding
how to combine datasets that measure different properties of the universe on large
scales to infer cosmological parameters is going to be the other crucial question that
will need answering to harness the full power of future observations.
that can augment our understanding of the universe and its origins. An example of
such a question is whether the universe started in a quantum state. Most theorists
will believe this to be true at some level, regardless of what model is used to describe
the early universe [234, 235, 236]. Testing such a general question can be difficult
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without focusing on a particular model. A novel approach to this could be to look for
signs of entanglement between the quantum fields in the early universe. As entangle-
ment has no classical analog, detecting it could lead to a fundamental breakthrough
in our understanding about the quantum nature of our universe. Recent attempts at
calculating the effect of entanglement on observables such as the CMB anisotropies
can be found in [237, 238, 239, 240]. Many theories, from inflation, modified gravity
and cyclic models, can give rise to primordial perturbations from quantum fluctu-
ations. Thus, going forward it will be important to analyse the observations from
various cosmological probes consistently and objectively while keeping an open mind
about what theory best describes the observations in order to find out the true origin
and evolution of our universe.
106
Appendix A
Derivation of screened CF
In this section we calculate the relativistic component of the two-point CF, ξrel(F), in
a theory with a screened fifth force:
ξrel(F)(z, z′, θ) = 〈∆stB(z, nˆ)∆rel(F)F (z′, nˆ′)〉+ 〈∆stF (z′, nˆ′)∆rel(F)B (z, nˆ)〉. (A.1)
We can substitute the expressions in Eqs (4.6, 4.7) into Eq (A.1). We work in Fourier
space and use the following convention for the Fourier transform of some function f :
FT [f(x, η)] ≡ 1
(2pi)3
∫
d3k e−ik·x F(k, η) (A.2)
We describe the Fourier transform of the density and velocity as
FT [δ(x, η)] = D(k, η)
FT [v(x, η)] = V(k, η).
(A.3)
These can be directly related to the transfer functions for the metric potential and
the underlying initial metric perturbations Ψi.
D(k, η) = TD(k, η)Ψi(k)
V(k, η) = TV (k, η)Ψi(k)
TΨ = TΦ =
D(a)
a
T (k)
TD = − 2a
3Ωm
(
k
H0
)2
TΨ = − 2
3Ω
(
k
H0
)2
D(a)T (k)
TV = − T˙D
k
=
2aH
3ΩmH0
k
H0
[
TΨ +H−1T˙Ψ
]
=
2
3Ωm
H
H0
k
H0f(a)D(a)T (k) (A.4)
where in the last line we have followed the standard convention, following [141], of
splitting the time-dependent component of the transfer function into the linear growth
factor D(a) and the scale-dependent component into a time-dependent transfer func-
tion T (k). In general modified gravity theories, this type of separation may not be
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possible as the growth can be scale dependent however we don’t include that in this
analysis and leave that to future works. We need only calculate one of the terms in
Eq. (A.1) as the other will be related to this under B ↔ F , z ↔ z′, nˆ↔ nˆ′.
〈∆stB(z, nˆ)∆rel(F)F (z′, nˆ′)〉 = 〈∆stB(z, nˆ)∆relF (z′, nˆ′) + 〈∆stB(z, nˆ)∆FF (z′, nˆ′)〉 (A.5)
We compute each of these terms individually.
〈∆stB(z, nˆ)∆relF (z′, nˆ′)〉 = T (1) − T (2) (A.6)
T (1) =
∫
d ln k
(2pi)3
(kη0)
ns−1G(r′)TV (k, r′)bBTD(k, r)I(1) (A.7)
I(1) =
∫
dΩke
ik(x−x′)(ikˆ · nˆ′) (A.8)
T (2) =
∫
d ln k
(2pi)3
(kη0)
ns−1G(r′)TV (k, r′)
k
H(r)TV (k, r)I
(2) (A.9)
I(2)
∫
dΩke
ik(x−x′)(ikˆ · nˆ′)(kˆ · nˆ)2 (A.10)
where we have defined
F (r) ≡ H˙H2 +
2
rH(r) + 5sB(r)
(
1− 1
rH(r)
)
. (A.11)
To compute the angular integrals we use the following identities
eik(x
′−x) = eidk·nˆ = 4pi
∑
LM
jL(kd)Y
∗
LM(kˆ)YLM(nˆ)
kˆ · nˆ = 4pi
3
1∑
m=−1
Y ∗1m(kˆ)Y1m(nˆ)
(kˆ · nˆ)2 = 8pi
15
2∑
m=−2
Y ∗2m(nˆ)Y2m(kˆ) +
1
3
, (A.12)
and we also make use of the Gaunt integral formula
Gl1,l2,l3m1,m2,m3 ≡
∫
dΩYl1,m1(nˆ)Yl2,m2(nˆ)Yl3,m3(nˆ)
=
√
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4pi
(
l1 l2 l3
0 0 0
)(
l1 l2 l3
m1 m2 m3
)
(A.13)
where we have defined the usual Wigner 3j symbol. Now we compute the angular
integrals as
I(1) = −4pi cosαj1(kd)
I(2) = 4pi
[
−2
5
sinα sin β cos β [j1(kd) + j3(kd)] +
3
5
cosα cos(2β)
[
j3
2
− j1
3
]
+
1
10
cosα [j3(kd)− j1(kd)]
]
. (A.14)
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Using these we can now compute the k integrals
T (1) = 2As
9Ω2pi2
G(r′)D(r)D(r′)bB(r) cosαν1(d)f(r′)
T (2) = 2As
9pi2Ω2m
G(r′)D(r)D(r′)f(r)f(r′)
[
2
5
sinα sin β cos β [ν1(d) + ν3(d)]
+
3
5
cosα cos(2β)
[
ν3(d)
2
− ν1(d)
3
]
1
10
cosα [ν3(d)− 4ν1(d)]
]
.
(A.15)
Thus the final answer for the two-point CF is
〈∆stB(z, nˆ)∆relF (z′, nˆ′)〉 =
2AsG(r
′)D(r)D(r′)f(r′)
9pi2Ω2m
[
2
5
sinα sin β cos β[ν1(d) + ν3(d)]
+
3
5
cosα cos(2β)
[
ν3(d)
2
− ν1(d)
3
]
+
1
10
cosα [ν3(d)− 4ν1(d)] + bBν1(d) cosα
]
.
(A.16)
〈∆stF (z′, nˆ′)∆relB (z, nˆ)〉 is simply given by the relabelling of the indices and angles
(which gives an rise to a sign difference in this term),
〈∆stF (z′, nˆ′)∆relB (z, nˆ)〉 = −
2AsG(r)D(r
′)D(r)f(r)
9pi2Ω2m
[
2
5
sin β sinα cosα[ν1(d) + ν3(d)]
+
3
5
cos β cos(2α)
[
ν3(d)
2
− ν1(d)
3
]
+
1
10
cos β [ν3(d)− 4ν1(d)] + bFν1(d) cos β
]
.
(A.17)
Next we compute the CF between the standard term for B galaxies and the fifth-force
term for F galaxies.
〈∆stB(z, nˆ)∆FF (z′, nˆ′)〉 = A
∫
d3k
(2pi)3
eik·(x
′−x) (kη0)
ns−1
k3
[
bBTD(k, r)− kH(r)(kˆ · nˆ)
2TV (k, r)
]
×[
ζF (r
′)i(kˆ · n′)
(
H−1(r′)T˙v(k, r) + Tv(k, r′)
)]
≡ T (3) − T (4), (A.18)
where ζF ≡ δGF1+δGF is the fifth-force sensitivity for faint galaxies. Here we define
T (3) = A
∫
d ln k
(2pi)3
ζF (r
′)
[
H−1(r′)T˙V (k, r′) + TV (k, r′)
]
bBTD(k, r)I(1)
I(1) ≡
∫
dΩke
ik(x′−x)(ikˆ · nˆ′)
T (4) = A
∫
d ln k
(2pi)3
ζF (r
′)
[
H−1(r′)T˙V (k, r′) + TV (k, r′)
]
H−1(r)kTV (k, r)I(2)
I(2) ≡
∫
dΩke
−ik(x′−x)(ikˆ · nˆ′)(kˆ · nˆ)2. (A.19)
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The other ingredients we need are the transfer functions
T˙V =
2
3ΩmH0
(
k
H0
)[
a¨TΨ + T˙Ψ
[
a¨H−1 + a˙− a˙H˙H−2
]
+ a˙H−1T¨Ψ
]
=
2
3Ωm
(
k
H0
)
T (k)
[
H˙
H0f(a)D(a) +
H(a)
H0
(
f˙(a)D(a) + f(a)2D(a)H
)]
,(A.20)
where f(a) ≡ d lnD(a)
d ln a
. Further we can use D˙ = fDH. We then put these into T (3)
and T (4):
T (3) = 2AbBζF cosα
9pi2Ω2m
D(r)D(r′)
∫
d ln k
(2pi)3
(kη0)
ns−1
k3
(
k
H0
)3
T (k)2
[H(r′)
H0 f(r
′)
+
˙H(r′)
H0 f +
H(r′)
H0 f˙(r
′) +
H2(r′)
H0(r′)f
2
]
j1(kd)
=
2 cosαAbBζF
9pi2Ω2m
M(r′)ν1(d), (A.21)
where we have defined
ν`(d) ≡
∫
dk
k
(kη)ns−1
(
k
H0
)3
j`(kd)T
2(k)
M(r′) ≡ D
2(r′)
H0H
(
˙H(r′)f(r′) +H(r′)f˙(r′) + f(r′)2H(r′)2 + f(r′)H(r′)2
)
.(A.22)
Now we compute T (4) as
T (4) = A
∫
d ln k
(2pi)3
ζF (r
′)
[
2
3Ωm
(
k
H0T (k)
[
H˙(r′)
H0 f(r
′)D(r′)
+
H(r′)
H0
(
f˙(r′)D(r′) + f(r′)2D(r′)H(r′)
)])]
× bB
(
k
H0
)(
k
H(r)
)[
2
3Ωm
H(r)
H0 f(r)D(r)T (k)
]
× 4pi
[
−2
5
sinα sin β cos β[j1(kd) + j3(kd)] +
3
5
cosα cos(2β)
[
j3(kd)
2
− j1(kd)
3
]
+
1
10
cosα [j3(kd)− j1(kd)]
]
=
2AζFf(r
′)M(r′)
9pi2Ω2mH(r′)
[
−2
5
sinα sin β cos β(ν1(d) + ν3(d)) +
3
5
cosα cos(2β)
(
ν3(d)
2
− ν1(d)
3
)
+
1
10
cosα(ν3(d)− ν1(d))
]
.
(A.23)
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Putting these pieces together, we find
〈∆stB(z, nˆ)∆(F )F (z′, nˆ′)〉 =
2AsM(r
′)ζF
9pi2Ω2m
[bB cosαν1(d)
+
f(r′)
H(r′)
[
2
5
sinα sin β cos β(ν1(d) + ν3(d))− 3
5
cosα cos(2β)
(
ν3(d)
2
− ν1(d)
3
)
− 1
10
cosα(ν3(d)− ν1(d))
]]
.
(A.24)
〈∆stF (z′, nˆ′)∆(F )B (z, nˆ)〉 is given by the appropriate relabelling of the indices and angles:
〈∆stF (z′, nˆ′)∆(F )B (z, nˆ)〉 = −
2AsM(r)ζB
9pi2Ω2m
[bF cos βν1(d)
+
f(r)
H(r)
[
2
5
sin β sinα cosα(ν1(d) + ν3(d))− 3
5
cos β cos(2α)
(
ν3(d)
2
− ν1(d)
3
)
− 1
10
cos β(ν3(d)− ν1(d))
]]
.
(A.25)
By expanding (Eq. (A.24), Eq. (A.25)) and (Eq. (A.16), Eq. (A.17)) to leading order
in d/r we obtain the expressions in Eq. (4.19) for ξrel and ξ(F) respectively.
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Appendix B
General chameleon screening in
Horndeski theory
This section casts generic chameleon-screened scalar–tensor theories to Horndeski
form. We anticipate that this will be useful for implementing a more general theory
than f(R) in the background.
The general action for a scalar–tensor theory that is immune to instabilities and
has second order equations of motion is the Horndeski action, given by [245, 246]:
S =
∫
d4x
√−g
[
5∑
i=2
Li + Lm[gµν ]
]
L2 = G2(φ,X)
L3 = −G3(φ,X)φ
L4 = G4(φ,X)R +G4X(φ,X)
[
(φ)2 − φ;µνφ;µν
]
L5 = G5(φ,X)Gµνφ;µν − 1
6
G5X(φ,X)
[
(φ)3 + 2φν;µφα;νφµ;α − 3φ;µνφ;µνφ
]
.(B.1)
This is written in the Jordan frame, in which the Lagrangian components Li determine
the dynamics of the metric and the scalar field φ. X is the canonical kinetic term of
a scalar field −1
2
gµν∂
µφ∂νφ. The Gi are free functions of the scalar and its kinetic
term, and we denote their derivatives by GiX ≡ ∂XGi.
Any scalar field minimally coupled to gravity has the action
S˜ =
∫
d4x
√
−g˜
[
M2pl
2
R˜− g˜µν 1
2
∂µφ∂νφ− V (φ)− Lm(gµν)
]
, (B.2)
where variables are in the Jordan frame unless denoted by a tilde, in which case they
are in the Einstein frame. In the Einstein frame, the scalar is decoupled from the
metric and hence the gravitational part of the action is the same as in GR. Working
in Planck units, we transform this action to the Jordan frame with the conformal
transformation
g˜µν = e
−2αφgµν
g˜ = e−8αφg
R˜ = e2αφ
[
R− 6α2gµν∂µφ∂νφ− 6αφ
]
(B.3)
112
This yields the Jordan-frame action
S =
∫
d4x
√−g exp (−2αφ)
[
1
2
R + 3αφ−
(
1
2
+ 3α2
)
gµν∂
µφ∂νφ .
− exp(−2αφ)V (φ)− Lm(gµν)] . (B.4)
In this frame the scalar field has the Poisson equation φ = ∂φV (φ) + αρ. The
effective potential is then Veff(φ) = V (φ) + exp(αφ)ρ. To implement the chameleon
mechanism V (φ) is chosen such that Veff has a sharp minimum, corresponding to high
mass, in regions of high density, and a shallow minimum, corresponding to low mass,
in regions of low density. A canonical example is V (φ) = Λ4+n/φn with Λ an energy
scale and n an as-yet undetermined exponent [247, 162].1
Comparing to the Horndeski form (Eq (B.1)) we find:
G2 = − exp (−4αφ)V (φ) + exp (−2αφ)X
(
1 + 6α2
)
G3 = −3α exp (−2αφ)
G4 =
1
2
exp (−2αφ)
G4X = G5 = G5X = 0 (B.5)
We note that the recent neutron star merger that constrains the speed of gravitational
waves to be the same of the speed of light implies G5, G4X = 0 [248] and thus our
action is almost as general as possible given this constraint. The f(R) Hu-Sawicki
model corresponds to the range −1 < n < −1/2 [162], with k = 1 corresponding to
n = −1/2. Future work could explore the full parameter space of chameleon screening
by implementing this action in a Boltzmann code such as HiClass [153].
1Note however that only some choices for n result in chameleon screening. The mass is an
increasing function of density, as required, if n > 0, −1 < n < 0 or n is an even negative integer.
n = 0 is simply a cosmological constant, n = −1,−2 does not make mass a function of density, and
there is no minimum of Veff when n = −3,−5,−7, ....
113
References
[1] Standard model. https://www.symmetrymagazine.org/standard-model/.
[2] Cosmic microwave background. http://sci.esa.int/planck/
51553-cosmic-microwave-background-seen-by-planck/.
[3] Jonathan R. Pritchard and Marc Kamionkowski. Cosmic microwave background
fluctuations from gravitational waves: An Analytic approach. Annals Phys.,
318:2–36, 2005.
[4] Amir Aghamousa et al. The DESI Experiment Part I: Science,Targeting, and
Survey Design. 2016.
[5] A. Weltman et al. Fundamental Physics with the Square Kilometre Array. 2018.
[6] Kevin Bandura, Graeme E. Addison, Mandana Amiri, J. Richard Bond, Dun-
can Campbell-Wilson, Liam Connor, Jean-Franois Cliche, Greg Davis, Meiling
Deng, Nolan Denman, Matt Dobbs, Mateus Fandino, Kenneth Gibbs, Adam
Gilbert, Mark Halpern, David Hanna, Adam D. Hincks, Gary Hinshaw, Car-
olin Hfer, Peter Klages, Tom L. Landecker, Kiyoshi Masui, Juan Mena Parra,
Laura B. Newburgh, Ue li Pen, Jeffrey B. Peterson, Andre Recnik, J. Richard
Shaw, Kris Sigurdson, Mike Sitwell, Graeme Smecher, Rick Smegal, Keith Van-
derlinde, and Don Wiebe. Canadian Hydrogen Intensity Mapping Experiment
(CHIME) pathfinder. In Larry M. Stepp, Roberto Gilmozzi, and Helen J. Hall,
editors, Ground-based and Airborne Telescopes V, volume 9145, pages 738 –
757. International Society for Optics and Photonics, SPIE, 2014.
[7] David Alonso et al. The LSST Dark Energy Science Collaboration (DESC)
Science Requirements Document. 2018.
[8] Tsutomu Kobayashi. Horndeski theory and beyond: a review. Rept. Prog.
Phys., 82(8):086901, 2019.
[9] Clifford Cheung, Paolo Creminelli, A. Liam Fitzpatrick, Jared Kaplan, and
Leonardo Senatore. The Effective Field Theory of Inflation. JHEP, 03:014,
2008.
[10] K.A. Olive. Review of particle physics. Chinese Physics C, 38(9):090001, aug
2014.
114
[11] Clifford M. Will. The confrontation between general relativity and experiment.
Living Reviews in Relativity, 17(1):4, Jun 2014.
[12] Jens H Gundlach. Laboratory tests of gravity. New Journal of Physics, 7:205–
205, sep 2005.
[13] Mustapha Ishak. Testing General Relativity in Cosmology. Living Rev. Rel.,
22(1):1, 2019.
[14] B. P. Abbott et al. Tests of general relativity with GW150914. Phys. Rev. Lett.,
116(22):221101, 2016. [Erratum: Phys. Rev. Lett.121,no.12,129902(2018)].
[15] Arno A. Penzias and Robert Woodrow Wilson. A Measurement of excess an-
tenna temperature at 4080-Mc/s. Astrophys. J., 142:419–421, 1965.
[16] C. L. Bennett, D. Larson, J. L. Weiland, N. Jarosik, G. Hinshaw, N. Odegard,
K. M. Smith, R. S. Hill, B. Gold, M. Halpern, E. Komatsu, M. R. Nolta, L. Page,
D. N. Spergel, E. Wollack, J. Dunkley, A. Kogut, M. Limon, S. S. Meyer, G. S.
Tucker, and E. L. Wright. Nine-year Wilkinson Microwave Anisotropy Probe
(WMAP) Observations: Final Maps and Results. The Astrophysical Journal
Supplement Series, 208(2):20, Oct 2013.
[17] N. Aghanim et al. Planck 2018 results. VI. Cosmological parameters. 2018.
[18] Steven W. Allen, August E. Evrard, and Adam B. Mantz. Cosmological Pa-
rameters from Observations of Galaxy Clusters. Annual Review of Astronomy
and Astrophysics, 49(1):409–470, Sep 2011.
[19] Rachel Mandelbaum. Weak lensing for precision cosmology. Ann. Rev. Astron.
Astrophys., 56:393–433, 2018.
[20] Standard model action. https://www.symmetrymagazine.org/article/
the-deconstructed-standard-model-equation.
[21] Alan H. Guth. The Inflationary Universe: A Possible Solution to the Horizon
and Flatness Problems. Phys. Rev., D23:347–356, 1981. [Adv. Ser. Astrophys.
Cosmol.3,139(1987)].
[22] Jerome Martin, Christophe Ringeval, and Vincent Vennin. Encyclopdia Infla-
tionaris. Phys. Dark Univ., 5-6:75–235, 2014.
[23] Justin Khoury, Burt A. Ovrut, Paul J. Steinhardt, and Neil Turok. The Ekpy-
rotic universe: Colliding branes and the origin of the hot big bang. Phys. Rev.,
D64:123522, 2001.
[24] Jean-Luc Lehners. Ekpyrotic and Cyclic Cosmology. Phys. Rept., 465:223–263,
2008.
[25] Antonio Riotto and Mark Trodden. Recent progress in baryogenesis. Ann. Rev.
Nucl. Part. Sci., 49:35–75, 1999.
115
[26] Abraham Loeb and Rennan Barkana. The Reionization of the Universe by the
first stars and quasars. Ann. Rev. Astron. Astrophys., 39:19–66, 2001.
[27] Daniel Baumann. Primordial Cosmology. PoS, TASI2017:009, 2018.
[28] Andrew H. Jaffe et al. Cosmology from MAXIMA-1, BOOMERANG and
COBE / DMR CMB observations. Phys. Rev. Lett., 86:3475–3479, 2001.
[29] Chris Clarkson and Roy Maartens. Inhomogeneity and the foundations of con-
cordance cosmology. Class. Quant. Grav., 27:124008, 2010.
[30] S. Dodelson. Modern cosmology. 2003.
[31] Y. Akrami et al. Planck 2018 results. IX. Constraints on primordial non-
Gaussianity. 2019.
[32] Ruth Durrer. The Cosmic Microwave Background. Cambridge University Press,
Cambridge, 2008.
[33] Matias Zaldarriaga and Uros Seljak. An all sky analysis of polarization in the
microwave background. Phys. Rev., D55:1830–1840, 1997.
[34] James M. Bardeen, J. R. Bond, Nick Kaiser, and A. S. Szalay. The Statistics
of Peaks of Gaussian Random Fields. Astrophys. J., 304:15–61, 1986.
[35] Camille Bonvin and Ruth Durrer. What galaxy surveys really measure. Phys.
Rev., D84:063505, 2011.
[36] Enea Di Dio, Francesco Montanari, Julien Lesgourgues, and Ruth Durrer. The
CLASSgal code for Relativistic Cosmological Large Scale Structure. JCAP,
1311:044, 2013.
[37] L. Verde. Statistical Methods in Cosmology, volume 800, pages 147–177. 2010.
[38] Alan Heavens. Statistical techniques in cosmology. 2009.
[39] Antony Lewis and Sarah Bridle. Cosmological parameters from CMB and other
data: A Monte Carlo approach. Phys. Rev., D66:103511, 2002.
[40] Max Tegmark, Andy Taylor, and Alan Heavens. Karhunen-Loeve eigenvalue
problems in cosmology: How should we tackle large data sets? Astrophys. J.,
480:22, 1997.
[41] J. R. Bond, G. Efstathiou, and M. Tegmark. Forecasting cosmic parameter
errors from microwave background anisotropy experiments. Mon. Not. Roy.
Astron. Soc., 291:L33–L41, 1997.
[42] Darsh Kodwani, David Alonso, and Pedro Ferreira. The effect on cosmological
parameter estimation of a parameter dependent covariance matrix. 2018.
116
[43] Darsh Kodwani, P. Daniel Meerburg, Ue-Li Pen, and Xin Wang. Initial con-
ditions of the universe: A sign of the sine mode. Phys. Rev., D99(12):123518,
2019.
[44] Darsh Kodwani and Harry Desmond. Screened fifth forces in parity-breaking
correlation functions. Phys. Rev., D100(6):064030, 2019.
[45] Darsh Kodwani, P. Daniel Meerburg, Ue-Li Pen, and Xin Wang. Initial condi-
tions of the universe: Decaying tensor modes. 2019.
[46] C. L. Bennett, D. Larson, J. L. Weiland, N. Jarosik, G. Hinshaw, N. Odegard,
K. M. Smith, R. S. Hill, B. Gold, M. Halpern, E. Komatsu, M. R. Nolta, L. Page,
D. N. Spergel, E. Wollack, J. Dunkley, A. Kogut, M. Limon, S. S. Meyer,
G. S. Tucker, and E. L. Wright. Nine-year wilkinson microwave anisotropy
probe (wmap) observations: Final maps and results. The Astrophysical Journal
Supplement Series, 208(2):20, 2013.
[47] Planck Collaboration. Planck 2013 results. xxv. searches for cosmic strings and
other topological defects. A&A, 571:A25, 2014.
[48] Chung-Pei Ma and Edmund Bertschinger. Cosmological perturbation theory
in the synchronous and conformal Newtonian gauges. Astrophys. J., 455:7–25,
1995.
[49] Martin Bucher, Kavilan Moodley, and Neil Turok. The General primordial
cosmic perturbation. Phys. Rev., D62:083508, 2000.
[50] Pedro Carrilho and Karim A. Malik. Isocurvature initial conditions for second
order Boltzmann solvers. JCAP, 1808(08):020, 2018.
[51] Martin Bucher, Kavilan Moodley, and Neil Turok. Primordial isocurvature
perturbations: Testing the adiabaticity of the CMB anisotropy. AIP Conf.
Proc., 555(1):313–319, 2001.
[52] Martin Bucher, Kavilan Moodley, and Neil Turok. Characterizing the primor-
dial cosmic perturbations using map and Planck. Phys. Rev., D66:023528, 2002.
[53] Martin Bucher, Kavilan Moodley, and Neil Turok. Constraining isocurvature
perturbations with CMB polarization. Phys. Rev. Lett., 87:191301, 2001.
[54] K. Moodley, M. Bucher, Joanna Dunkley, P. G. Ferreira, and C. Skordis. Con-
straints on isocurvature models from the WMAP first-year data. Phys. Rev.,
D70:103520, 2004.
[55] Maria Beltran, Juan Garcia-Bellido, Julien Lesgourgues, and Alain Riazuelo.
Bounds on CDM and neutrino isocurvature perturbations from CMB and LSS
data. Phys. Rev., D70:103530, 2004.
117
[56] George Lazarides, Roberto Ruiz de Austri, and Roberto Trotta. Constraints
on a mixed inflaton and curvaton scenario for the generation of the curvature
perturbation. Phys. Rev., D70:123527, 2004.
[57] Maria Beltran, Juan Garcia-Bellido, Julien Lesgourgues, Andrew R Liddle, and
Anze Slosar. Bayesian model selection and isocurvature perturbations. Phys.
Rev., D71:063532, 2005.
[58] Daniel Grin, Olivier Dore, and Marc Kamionkowski. Compensated Isocurvature
Perturbations and the Cosmic Microwave Background. Phys. Rev., D84:123003,
2011.
[59] Daniel Grin, Duncan Hanson, Gilbert P. Holder, Olivier Dor, and Marc
Kamionkowski. Baryons do trace dark matter 380,000 years after the big bang:
Search for compensated isocurvature perturbations with WMAP 9-year data.
Phys. Rev., D89(2):023006, 2014.
[60] Julian B. Muoz, Daniel Grin, Liang Dai, Marc Kamionkowski, and Ely D.
Kovetz. Search for Compensated Isocurvature Perturbations with Planck Power
Spectra. Phys. Rev., D93(4):043008, 2016.
[61] V. Bozza and G. Veneziano. Regular two-component bouncing cosmologies and
perturbations therein. JCAP, 0509:007, 2005.
[62] T. J. Battefeld and G. Geshnizjani. Perturbations in a regular bouncing uni-
verse. Phys. Rev., D73:064013, 2006.
[63] Chong-Sun Chu, Ko Furuta, and Feng-Li Lin. Non-local matching condition
and scale-invariant spectrum in bouncing cosmology. Phys. Rev., D73:103505,
2006.
[64] Robert Brandenberger, Hassan Firouzjahi, and Omid Saremi. Cosmological
Perturbations on a Bouncing Brane. JCAP, 0711:028, 2007.
[65] Stephon Alexander, Tirthabir Biswas, and Robert H. Brandenberger. On
the Transfer of Adiabatic Fluctuations through a Nonsingular Cosmological
Bounce. 2007.
[66] Steffen Gielen and Neil Turok. Perfect Quantum Cosmological Bounce. Phys.
Rev. Lett., 117(2):021301, 2016.
[67] Steffen Gielen and Neil Turok. Quantum propagation across cosmological sin-
gularities. Phys. Rev., D95(10):103510, 2017.
[68] Luca Amendola and Fabio Finelli. On the effects due to a decaying cosmological
fluctuation. Phys. Rev. Lett., 94:221303, 2005.
[69] Christopher Gauthier and Martin Bucher. Reconstructing the primordial power
spectrum from the cmb. Journal of Cosmology and Astroparticle Physics,
2012(10):050, 2012.
118
[70] S. L. Bridle, A. M. Lewis, J. Weller, and G. Efstathiou. Reconstructing the
primordial power spectrum. Mon. Not. Roy. Astron. Soc., 342:L72, 2003.
[71] Dhiraj Kumar Hazra, Daniela Paoletti, Mario Ballardini, Fabio Finelli, Arman
Shafieloo, George F. Smoot, and Alexei A. Starobinsky. Probing features in
inflaton potential and reionization history with future CMB space observations.
JCAP, 1802(02):017, 2018.
[72] Noriyuki Kogo, Makoto Matsumiya, Misao Sasaki, and Jun’ichi Yokoyama. Re-
constructing the primordial spectrum from WMAP data by the cosmic inversion
method. Astrophys. J., 607:32–39, 2004.
[73] Gavin Nicholson, Carlo R. Contaldi, and Paniez Paykari. Reconstruction of the
Primordial Power Spectrum by Direct Inversion. JCAP, 1001:016, 2010.
[74] James M. Bardeen. Gauge Invariant Cosmological Perturbations. Phys. Rev.,
D22:1882–1905, 1980.
[75] V.F. Mukhanov, H.A. Feldman, and R.H. Brandenberger. Theory of cosmolog-
ical perturbations. Physics Reports, 215(5):203 – 333, 1992.
[76] Ruth Durrer. The Cosmic Microwave Background. Cambridge University Press,
2008.
[77] Uros Seljak and Matias Zaldarriaga. A Line of sight integration approach to
cosmic microwave background anisotropies. Astrophys. J., 469:437–444, 1996.
[78] Diego Blas, Julien Lesgourgues, and Thomas Tram. The cosmic linear
anisotropy solving system (class). part ii: Approximation schemes. Journal
of Cosmology and Astroparticle Physics, 2011(07):034, 2011.
[79] J. Tauber, M. Bersanelli, J. M. Lamarre, G. Efstathiou, C. Lawrence,
F. Bouchet, E. Martinez-Gonzalez, S. Matarrese, D. Scott, M. White, et al.
The Scientific programme of Planck. 2006.
[80] Pia Mukherjee and Yun Wang. Primordial power spectrum reconstruction.
JCAP, 0512:007, 2005.
[81] Wayne Hu and Takemi Okamoto. Principal power of the CMB. Phys. Rev.,
D69:043004, 2004.
[82] G. I. Rigopoulos and E. P. S. Shellard. The separate universe approach and
the evolution of nonlinear superhorizon cosmological perturbations. Phys. Rev.,
D68:123518, 2003.
[83] David H. Lyth and David Wands. Conserved cosmological perturbations. Phys.
Rev., D68:103515, 2003.
[84] Patrick Martineau and Robert H. Brandenberger. The Effects of gravitational
back-reaction on cosmological perturbations. Phys. Rev., D72:023507, 2005.
119
[85] Misao Sasaki. Conservation of nonlinear curvature perturbations on super-
hubble scales. AIP Conf. Proc., 805(1):94–98, 2005.
[86] Yoshiharu Tanaka and Misao Sasaki. Gradient expansion approach to nonlinear
superhorizon perturbations. Prog. Theor. Phys., 117:633–654, 2007.
[87] Yu-ichi Takamizu and Shinji Mukohyama. Nonlinear superhorizon perturba-
tions of non-canonical scalar field. JCAP, 0901:013, 2009.
[88] Alexei A. Starobinsky. Spectrum of adiabatic perturbations in the universe
when there are singularities in the inflation potential. JETP Lett., 55:489–494,
1992. [Pisma Zh. Eksp. Teor. Fiz.55,477(1992)].
[89] Xingang Chen, P. Daniel Meerburg, and Moritz Mnchmeyer. The Future of
Primordial Features with 21 cm Tomography. JCAP, 1609(09):023, 2016.
[90] Alexander Gallego Cadavid and Antonio Enea Romano. Effects of discontinu-
ities of the derivatives of the inflaton potential. Eur. Phys. J., C75(12):589,
2015.
[91] F. R. Bouchet et al. COrE (Cosmic Origins Explorer) A White Paper. 2011.
[92] T. Matsumura et al. Mission design of LiteBIRD. 2013. [J. Low. Temp.
Phys.176,733(2014)].
[93] Fabio Finelli et al. Exploring cosmic origins with CORE: Inflation. JCAP,
1804:016, 2018.
[94] Daniel Baumann et al. CMBPol Mission Concept Study: Probing Inflation with
CMB Polarization. AIP Conf. Proc., 1141(1):10–120, 2009.
[95] Takashi Hiramatsu, Eiichiro Komatsu, Masashi Hazumi, and Misao Sasaki. Re-
construction of primordial tensor power spectra from B-mode polarization of
the cosmic microwave background. Phys. Rev., D97(12):123511, 2018.
[96] M. Farhang and A. Vafaei Sadr. Eigen-reconstruction of Perturbations to the
Primordial Tensor Power Spectrum. Astrophys. J., 871(2):139, 2019.
[97] Paolo Campeti, Davide Poletti, and Carlo Baccigalupi. Principal component
analysis of the primordial tensor power spectrum. 2019.
[98] Hideo Kodama and Misao Sasaki. Cosmological Perturbation Theory. Prog.
Theor. Phys. Suppl., 78:1–166, 1984.
[99] Steven Weinberg. Damping of tensor modes in cosmology. Phys. Rev.,
D69:023503, 2004.
[100] Michael S. Turner, Martin J. White, and James E. Lidsey. Tensor perturbations
in inflationary models as a probe of cosmology. Phys. Rev., D48:4613–4622,
1993.
120
[101] Yun Wang. Simple analytical methods for computing the gravity wave contribu-
tion to the cosmic background radiation anisotropy. Phys. Rev., D53:639–644,
1996.
[102] Roland de Putter and Olivier Dor. In search of an observational quantum sig-
nature of the primordial perturbations in slow-roll and ultra slow-roll inflation.
2019.
[103] Antony Lewis and Anthony Challinor. Weak gravitational lensing of the CMB.
Phys. Rept., 429:1–65, 2006.
[104] Nobuhiko Katayama and Eiichiro Komatsu. SIMPLE FOREGROUND
CLEANING ALGORITHM FOR DETECTING PRIMORDIALB-MODE PO-
LARIZATION OF THE COSMIC MICROWAVE BACKGROUND. The As-
trophysical Journal, 737(2):78, aug 2011.
[105] Julian Adamek, Ruth Durrer, and Vittorio Tansella. Lensing signals from Spin-
2 perturbations. JCAP, 1601(01):024, 2016.
[106] Andrew Pontzen and Anthony Challinor. Linearization of homogeneous, nearly-
isotropic cosmological models. Class. Quant. Grav., 28:185007, 2011.
[107] G. F. R. Ellis and Malcolm A. H. MacCallum. A Class of homogeneous cosmo-
logical models. Commun. Math. Phys., 12:108–141, 1969.
[108] Andrew Pontzen. Rogues’ gallery: the full freedom of the Bianchi CMB anoma-
lies. Phys. Rev., D79:103518, 2009.
[109] Daniela Saadeh, Stephen M. Feeney, Andrew Pontzen, Hiranya V. Peiris,
and Jason D. McEwen. How isotropic is the Universe? Phys. Rev. Lett.,
117(13):131302, 2016.
[110] R. Adam et al. Planck 2015 results. I. Overview of products and scientific
results. Astron. Astrophys., 594:A1, 2016.
[111] G. Hinshaw et al. Nine-Year Wilkinson Microwave Anisotropy Probe (WMAP)
Observations: Cosmological Parameter Results. Astrophys. J. Suppl., 208:19,
2013.
[112] Z. Ivezic, J. A. Tyson, R. Allsman, J. Andrew, and R. Angel. LSST: from
Science Drivers to Reference Design and Anticipated Data Products. 2008.
[113] Luca Amendola et al. Cosmology and fundamental physics with the Euclid
satellite. Living Rev. Rel., 21(1):2, 2018.
[114] Timothy Clifton, Pedro G. Ferreira, Antonio Padilla, and Constantinos Skordis.
Modified Gravity and Cosmology. Phys. Rept., 513:1–189, 2012.
[115] Giulia Gubitosi, Federico Piazza, and Filippo Vernizzi. The Effective Field
Theory of Dark Energy. JCAP, 1302:032, 2013. [JCAP1302,032(2013)].
121
[116] Pedro G. Ferreira, Tessa Baker, and Constantinos Skordis. Testing general
relativity with cosmology: a synopsis of the parametrized post-Friedmann ap-
proach. Gen. Rel. Grav., 46:1788, 2014.
[117] Justin Khoury. Theories of Dark Energy with Screening Mechanisms. 2010.
[118] Bhuvnesh Jain and Justin Khoury. Cosmological Tests of Gravity. Annals
Phys., 325:1479–1516, 2010.
[119] Austin Joyce, Bhuvnesh Jain, Justin Khoury, and Mark Trodden. Beyond the
Cosmological Standard Model. Phys. Rept., 568:1–98, 2015.
[120] E. G. Adelberger, Blayne R. Heckel, and A. E. Nelson. Tests of the gravitational
inverse square law. Ann. Rev. Nucl. Part. Sci., 53:77–121, 2003.
[121] Lam Hui, Alberto Nicolis, and Christopher Stubbs. Equivalence Principle Im-
plications of Modified Gravity Models. Phys. Rev., D80:104002, 2009.
[122] Bhuvnesh Jain and Jake VanderPlas. Tests of modified gravity with dwarf
galaxies. Journal of Cosmology and Astro-Particle Physics, 2011:032, Oct 2011.
[123] Bhuvnesh Jain, Vinu Vikram, and Jeremy Sakstein. Astrophysical Tests of
Modified Gravity: Constraints from Distance Indicators in the Nearby Universe.
Astrophys. J., 779:39, 2013.
[124] Vinu Vikram, Anna Cabr, Bhuvnesh Jain, and J. T. VanderPlas. Astrophysical
Tests of Modified Gravity: the Morphology and Kinematics of Dwarf Galaxies.
JCAP, 1308:020, 2013.
[125] Vinu Vikram, Jeremy Sakstein, Charles Davis, and Andrew Neil. Astrophysi-
cal Tests of Modified Gravity: Stellar and Gaseous Rotation Curves in Dwarf
Galaxies. Phys. Rev., D97(10):104055, 2018.
[126] Harry Desmond, Pedro G. Ferreira, Guilhem Lavaux, and Jens Jasche. The
Fifth Force in the Local Cosmic Web. Mon. Not. Roy. Astron. Soc., 483:L64,
2019.
[127] Harry Desmond, Pedro G. Ferreira, Guilhem Lavaux, and Jens Jasche. Fifth
force constraints from the separation of galaxy mass components. Phys. Rev.,
D98(6):064015, 2018.
[128] Harry Desmond, Pedro G. Ferreira, Guilhem Lavaux, and Jens Jasche. Fifth
force constraints from galaxy warps. Phys. Rev., D98(8):083010, 2018.
[129] Camille Bonvin, Lam Hui, and Enrique Gaztanaga. Asymmetric galaxy corre-
lation functions. Phys. Rev., D89(8):083535, 2014.
[130] Rupert A. C. Croft. Gravitational redshifts from large-scale structure. Mon.
Not. Roy. Astron. Soc., 434:3008–3017, 2013.
122
[131] Patrick McDonald. Gravitational redshift and other redshift-space distortions
of the imaginary part of the power spectrum. JCAP, 0911:026, 2009.
[132] Jaiyul Yoo, Nico Hamaus, Uros Seljak, and Matias Zaldarriaga. Going beyond
the Kaiser redshift-space distortion formula: a full general relativistic account of
the effects and their detectability in galaxy clustering. Phys. Rev., D86:063514,
2012.
[133] Iftach Sadeh, Low Lerh Feng, and Ofer Lahav. Gravitational redshift of galaxies
in clusters from the sloan digital sky survey and the baryon oscillation spectro-
scopic survey. Phys. Rev. Lett., 114:071103, Feb 2015.
[134] A Cappi. Gravitational redshift in galaxy clusters. Astronomy and Astro-
physics,., 301, 1995.
[135] N. Kaiser. On the spatial correlations of Abell clusters. ApJ, 284:L9–L12, Sep
1984.
[136] Ravi K. Sheth, H. J. Mo, and Giuseppe Tormen. Ellipsoidal collapse and an
improved model for the number and spatial distribution of dark matter haloes.
MNRAS, 323:1–12, May 2001.
[137] Jeremy L. Tinker, Matthew R. George, Alexie Leauthaud, Kevin Bundy, Alexis
Finoguenov, Richard Massey, Jason Rhodes, and Risa H. Wechsler. The Cor-
related Formation Histories of Massive Galaxies and Their Dark Matter Halos.
ApJ, 755:L5, Aug 2012.
[138] Liang Gao, Volker Springel, and Simon D. M. White. The age dependence of
halo clustering. MNRAS, 363:L66–L70, Oct 2005.
[139] Risa H. Wechsler, Andrew R. Zentner, James S. Bullock, Andrey V. Kravtsov,
and Brandon Allgood. The Dependence of Halo Clustering on Halo Formation
History, Concentration, and Occupation. ApJ, 652:71–84, Nov 2006.
[140] Yao-Yuan Mao, Andrew R. Zentner, and Risa H. Wechsler. Beyond Assembly
Bias: Exploring Secondary Halo Biases for Cluster-size Haloes. Mon. Not.
Roy. Astron. Soc., 474(4):5143–5157, 2018. [Erratum: Mon. Not. Roy. Astron.
Soc.481,no.3,3167(2018)].
[141] Camille Bonvin and Pierre Fleury. Testing the equivalence principle on cosmo-
logical scales. JCAP, 1805(05):061, 2018.
[142] B. Bertotti, L. Iess, and P. Tortora. A test of general relativity using radio links
with the Cassini spacecraft. Nature, 425:374–376, 2003.
[143] Justin Khoury and Amanda Weltman. Chameleon cosmology. Phys. Rev.,
D69:044026, 2004.
123
[144] Kurt Hinterbichler and Justin Khoury. Symmetron Fields: Screening Long-
Range Forces Through Local Symmetry Restoration. Phys. Rev. Lett.,
104:231301, 2010.
[145] Joseph Clampitt, Bhuvnesh Jain, and Justin Khoury. Halo Scale Predictions
of Symmetron Modified Gravity. JCAP, 1201:030, 2012.
[146] E. Babichev, C. Deffayet, and R. Ziour. k-MOUFLAGE Gravity. International
Journal of Modern Physics D, 18:2147–2154, Jan 2009.
[147] A. I. Vainshtein. To the problem of nonvanishing gravitation mass. Physics
Letters B, 39:393–394, May 1972.
[148] Philippe Brax, Anne-Christine Davis, Baojiu Li, and Hans A. Winther. A
Unified Description of Screened Modified Gravity. Phys. Rev., D86:044015,
2012.
[149] Bridget Falck, Kazuya Koyama, and Gong-Bo Zhao. Cosmic Web and En-
vironmental Dependence of Screening: Vainshtein vs. Chameleon. JCAP,
1507(07):049, 2015.
[150] Gong-Bo Zhao, Baojiu Li, and Kazuya Koyama. N-body Simulations for f(R)
Gravity using a Self-adaptive Particle-Mesh Code. Phys. Rev., D83:044007,
2011.
[151] Anthony Challinor and Antony Lewis. Linear power spectrum of observed
source number counts. Phys. Rev. D, 84:043516, Aug 2011.
[152] Shi Shao, Baojiu Li, Marius Cautun, Huiyuan Wang, and Jie Wang. Screening
maps of the local Universe I – Methodology. 2019.
[153] Miguel Zumalacrregui, Emilio Bellini, Ignacy Sawicki, Julien Lesgourgues, and
Pedro G. Ferreira. hi class: Horndeski in the Cosmic Linear Anisotropy Solving
System. JCAP, 1708(08):019, 2017.
[154] Enrique Gaztanaga, Camille Bonvin, and Lam Hui. Measurement of the dipole
in the cross-correlation function of galaxies. JCAP, 1701(01):032, 2017.
[155] Alex Hall and Camille Bonvin. Measuring cosmic velocities with 21 cm inten-
sity mapping and galaxy redshift survey cross-correlation dipoles. Phys. Rev.,
D95(4):043530, 2017.
[156] Sukhdeep Singh, Shadab Alam, Rachel Mandelbaum, Uros Seljak, Sergio
Rodriguez-Torres, and Shirley Ho. Probing gravity with a joint analysis of
galaxy and CMB lensing and SDSS spectroscopy. Mon. Not. Roy. Astron. Soc.,
482(1):785–806, 2019.
[157] Elena Giusarma, Shadab Alam, Hongyu Zhu, Rupert A. C. Croft, and Shirley
Ho. Relativistic asymmetries in the galaxy cross-correlation function. 2017.
124
[158] Shadab Alam, Rupert A. C. Croft, Shirley Ho, Hongyu Zhu, and Elena
Giusarma. Relativistic Effects on Galaxy Redshift Samples due to Target Se-
lection. Mon. Not. Roy. Astron. Soc., 471(2):2077–2087, 2017.
[159] Shadab Alam, Hongyu Zhu, Rupert A. C. Croft, Shirley Ho, Elena Giusarma,
and Donald P. Schneider. Relativistic distortions in the large-scale clustering of
SDSS-III BOSS CMASS galaxies. Mon. Not. Roy. Astron. Soc., 470(3):2822–
2833, 2017.
[160] J. A. Peacock and R. E. Smith. Halo occupation numbers and galaxy bias.
Mon. Not. Roy. Astron. Soc., 318:1144, 2000.
[161] Wayne Hu and Ignacy Sawicki. Models of f(R) Cosmic Acceleration that Evade
Solar-System Tests. Phys. Rev., D76:064004, 2007.
[162] Clare Burrage and Jeremy Sakstein. A Compendium of Chameleon Constraints.
JCAP, 1611(11):045, 2016.
[163] Baojiu Li, Gong-Bo Zhao, Romain Teyssier, and Kazuya Koyama. ECOSMOG:
An Efficient Code for Simulating Modified Gravity. JCAP, 1201:051, 2012.
[164] Lucas Lombriser. Constraining chameleon models with cosmology. Annalen
Phys., 526:259–282, 2014.
[165] Harry Desmond, Pedro G. Ferreira, Guilhem Lavaux, and Jens Jasche. Recon-
structing the gravitational field of the local universe. Mon. Not. Roy. Astron.
Soc., 474(3):3152–3161, 2018.
[166] Hans Winther, Santiago Casas, Marco Baldi, Kazuya Koyama, Baojiu Li, Lucas
Lombriser, and Gong-Bo Zhao. Emulators for the non-linear matter power
spectrum beyond ΛCDM. 2019.
[167] Ravi K. Sheth and Giuseppe Tormen. Large scale bias and the peak background
split. Mon. Not. Roy. Astron. Soc., 308:119, 1999.
[168] Max Tegmark and P. J. E. Peebles. The Time evolution of bias. Astrophys. J.,
500:L79, 1998.
[169] James N. Fry. The Evolution of Bias. Astrophys. J., 461:L65, 1996.
[170] Adi Nusser and Marc Davis. On the prediction of velocity fields from redshift
space galaxy samples. Astrophys. J., 421:L1–L4, 1994.
[171] Fabian Schmidt, Marcos Vinicius Lima, Hiroaki Oyaizu, and Wayne Hu.
Non-linear Evolution of f(R) Cosmologies III: Halo Statistics. Phys. Rev.,
D79:083518, 2009.
[172] Christian Arnold, Pablo Fosalba, Volker Springel, Ewald Puchwein, and Linda
Blot. The modified gravity light-cone simulation project ? I. Statistics of matter
and halo distributions. Mon. Not. Roy. Astron. Soc., 483(1):790–805, 2019.
125
[173] Francesco Montanari and Ruth Durrer. Measuring the lensing potential with
tomographic galaxy number counts. JCAP, 1510(10):070, 2015.
[174] Azadeh Moradinezhad Dizgah and Ruth Durrer. Lensing corrections to the
Eg(z) statistics from large scale structure. JCAP, 1609:035, 2016.
[175] Antony Lewis, Anthony Challinor, and Anthony Lasenby. Efficient computation
of CMB anisotropies in closed FRW models. Astrophys. J., 538:473–476, 2000.
[176] Wenjuan Fang, Lam Hui, Brice Menard, Morgan May, and Ryan Scranton.
Anisotropic Extinction Distortion of the Galaxy Correlation Function. Phys.
Rev., D84:063012, 2011.
[177] Hans A. Winther et al. Modified Gravity N-body Code Comparison Project.
Mon. Not. Roy. Astron. Soc., 454(4):4208–4234, 2015.
[178] Christian Arnold, Ewald Puchwein, and Volker Springel. Scaling relations and
mass bias in hydrodynamical f(R) gravity simulations of galaxy clusters. Mon.
Not. Roy. Astron. Soc., 440(1):833–842, 2014.
[179] Ewald Puchwein, Marco Baldi, and Volker Springel. Modified Gravity-
GADGET: A new code for cosmological hydrodynamical simulations of modified
gravity models. Mon. Not. Roy. Astron. Soc., 436:348, 2013.
[180] Christian Arnold, Matteo Leo, and Baojiu Li. Realistic simulations of galaxy
formation in f(R) modified gravity. 2019.
[181] Christian Arnold and Baojiu Li. Simulating galaxy formation in f(R) modified
gravity: Matter, halo, and galaxy-statistics. 2019.
[182] LSST Science Collaboration et al. LSST Science Book, Version 2.0. ArXiv
e-prints, December 2009.
[183] R. Laureijs et al. Euclid Definition Study Report. ArXiv e-prints, October
2011.
[184] D. Spergel et al. Wide-Field InfraRed Survey Telescope-Astrophysics Focused
Telescope Assets WFIRST-AFTA Final Report. ArXiv e-prints, May 2013.
[185] T. M. C. Abbott et al. Dark Energy Survey year 1 results: Cosmological
constraints from galaxy clustering and weak lensing. Phys. Rev., D98(4):043526,
2018.
[186] Shahab Joudaki et al. KiDS-450 + 2dFLenS: Cosmological parameter con-
straints from weak gravitational lensing tomography and overlapping redshift-
space galaxy clustering. Mon. Not. Roy. Astron. Soc., 474(4):4894–4924, 2018.
126
[187] Chiaki Hikage et al. Cosmology from cosmic shear power spectra with Subaru
Hyper Suprime-Cam first-year data. Publ. Astron. Soc. Jap., 71(2):Publica-
tions of the Astronomical Society of Japan, Volume 71, Issue 2, April 2019, 43,
https://doi.org/10.1093/pasj/psz010, 2019.
[188] Andrew R. Zentner, Elisabetta Semboloni, Scott Dodelson, Tim Eifler, Elisa-
beth Krause, and Andrew P. Hearin. Accounting for baryons in cosmological
constraints from cosmic shear. Phys. Rev. D, 87:043509, Feb 2013.
[189] Douglas H. Rudd, Andrew R. Zentner, and Andrey V. Kravtsov. Effects of
baryons and dissipation on the matter power spectrum. The Astrophysical
Journal, 672(1):19, 2008.
[190] Frank C. van den Bosch, Surhud More, Marcello Cacciato, Houjun Mo, and
Xiaohu Yang. Cosmological constraints from a combination of galaxy clus-
tering and lensing ? i. theoretical framework. Monthly Notices of the Royal
Astronomical Society, 430(2):725–746, 2013.
[191] Nora Elisa Chisari, Mark L. A. Richardson, Julien Devriendt, Yohan Dubois,
Aurel Schneider, M. C. Brun, Amandine Le, Ricarda S. Beckmann, Sebastien
Peirani, Adrianne Slyz, and Christophe Pichon. The impact of baryons on the
matter power spectrum from the Horizon-AGN cosmological hydrodynamical
simulation. Mon. Not. Roy. Astron. Soc., 480(3):3962–3977, 2018.
[192] Kushal T. Mehta, Hee-Jong Seo, Jonathan Eckel, Daniel J. Eisenstein, Marc
Metchnik, Philip Pinto, and Xiaoying Xu. Galaxy Bias and its Effects on the
Baryon Acoustic Oscillations Measurements. Astrophys. J., 734:94, 2011.
[193] Carlos E. Cunha and August E. Evrard. Sensitivity of galaxy cluster dark
energy constraints to halo modeling uncertainties. Phys. Rev. D, 81:083509,
Apr 2010.
[194] Benjamin Joachimi et al. Galaxy alignments: An overview. Space Sci. Rev.,
193(1-4):1–65, 2015.
[195] M. A. Troxel and Mustapha Ishak. The Intrinsic Alignment of Galaxies and
its Impact on Weak Gravitational Lensing in an Era of Precision Cosmology.
Phys. Rept., 558:1–59, 2014.
[196] Christopher B. Morrison and Michael D. Schneider. On estimating cosmology-
dependent covariance matrices. JCAP, 1311:009, 2013.
[197] Alex Hall and Andy Taylor. A Bayesian method for combining theoretical and
simulated covariance matrices for large-scale structure surveys. 2018.
[198] Scott Dodelson and Michael D. Schneider. The Effect of Covariance Estimator
Error on Cosmological Parameter Constraints. Phys. Rev., D88:063537, 2013.
127
[199] Ross O’Connell and Daniel J. Eisenstein. Large Covariance Matrices: Accurate
Models Without Mocks. 2018.
[200] Andy Taylor and Benjamin Joachimi. Estimating Cosmological Parameter Co-
variance. Mon. Not. Roy. Astron. Soc., 442(3):2728–2738, 2014.
[201] Benjamin Joachimi and Andy Taylor. Errors on errors ? Estimating cosmolog-
ical parameter covariance. IAU Symp., 306:99–103, 2014.
[202] Dante J. Paz and Ariel G. Sanchez. Improving the precision matrix for precision
cosmology. Mon. Not. Roy. Astron. Soc., 454(4):4326–4334, 2015.
[203] David W. Pearson and Lado Samushia. Estimating the power spectrum covari-
ance matrix with fewer mock samples. Mon. Not. Roy. Astron. Soc., 457(1):993–
999, 2016.
[204] Andrea Petri, Zoltn Haiman, and Morgan May. Sample variance in weak lensing:
how many simulations are required? Phys. Rev., D93(6):063524, 2016.
[205] Alan Heavens, Elena Sellentin, Damien de Mijolla, and Alvise Vianello. Massive
data compression for parameter-dependent covariance matrices. Mon. Not. Roy.
Astron. Soc., 472(4):4244–4250, 2017.
[206] Elena Sellentin and Alan F. Heavens. Parameter inference with estimated co-
variance matrices. Mon. Not. Roy. Astron. Soc., 456(1):L132–L136, 2016.
[207] Elena Sellentin and Alan F. Heavens. Quantifying lost information due to
covariance matrix estimation in parameter inference. Mon. Not. Roy. Astron.
Soc., 464(4):4658–4665, 2017.
[208] Irshad Mohammed, Uros Seljak, and Zvonimir Vlah. Perturbative approach to
covariance matrix of the matter power spectrum. Mon. Not. Roy. Astron. Soc.,
466(1):780–797, 2017.
[209] Alexandre Barreira and Fabian Schmidt. Responses in Large-Scale Structure.
JCAP, 1706(06):053, 2017.
[210] Alexandre Barreira and Fabian Schmidt. Response Approach to the Matter
Power Spectrum Covariance. JCAP, 1711(11):051, 2017.
[211] Alexandre Barreira, Elisabeth Krause, and Fabian Schmidt. Accurate cosmic
shear errors: do we need ensembles of simulations? JCAP, 1810(10):053, 2018.
[212] Yin Li, Wayne Hu, and Masahiro Takada. Separate Universe Consistency Re-
lation and Calibration of Halo Bias. Phys. Rev., D93(6):063507, 2016.
[213] Christian Wagner, Fabian Schmidt, Chi-Ting Chiang, and Eiichiro Komatsu.
The angle-averaged squeezed limit of nonlinear matter N-point functions.
JCAP, 1508(08):042, 2015.
128
[214] Julien Carron. On the assumption of Gaussianity for cosmological two-point
statistics and parameter dependent covariance matrices. Astron. Astrophys.,
551:A88, 2013.
[215] Tim Eifler, Peter Schneider, and Jan Hartlap. Dependence of cosmic shear co-
variances on cosmology - Impact on parameter estimation. Astron. Astrophys.,
502:721–731, 2009.
[216] Adam Amara and Alexandre Refregier. Systematic Bias in Cosmic Shear: Be-
yond the Fisher Matrix. Mon. Not. Roy. Astron. Soc., 391:228–236, 2008.
[217] Nicolas Taburet, Nabila Aghanim, Marian Douspis, and Mathieu Langer. Biases
on the cosmological parameters and thermal SZ residuals. Mon. Not. Roy.
Astron. Soc., 392:1153–1158, 2008.
[218] Robert Reischke, Alina Kiessling, and Bjrn Malte Schfer. Variations of cosmic
large-scale structure covariance matrices across parameter space. Mon. Not.
Roy. Astron. Soc., 465(4):4016–4025, 2017.
[219] Samira Hamimeche and Antony Lewis. Likelihood Analysis of CMB Tempera-
ture and Polarization Power Spectra. Phys. Rev., D77:103013, 2008.
[220] Patrick Simon. How accurate is Limber’s equation? Astron. Astrophys., 2006.
[Astron. Astrophys.473,711(2007)].
[221] Matthias Bartelmann and Peter Schneider. Weak gravitational lensing. Phys.
Rept., 340:291–472, 2001.
[222] Masahiro Takada and Wayne Hu. Power Spectrum Super-Sample Covariance.
Phys. Rev., D87(12):123504, 2013.
[223] LLoyd Knox. Determination of inflationary observables by cosmic microwave
background anisotropy experiments. Phys. Rev., D52:4307–4318, 1995.
[224] Martin Crocce, Anna Cabre, and Enrique Gaztanaga. Modeling the angular cor-
relation function and its full covariance in Photometric Galaxy Surveys. Mon.
Not. Roy. Astron. Soc., 414:329–349, 2011.
[225] David H. Weinberg, Romeel Dave, Neal Katz, and Lars Hernquist. Galaxy
clustering and galaxy bias in a lambda-CDM universe. Astrophys. J., 601:1–21,
2004.
[226] Nora Elisa Chisari et al. Core Cosmology Library: Precision Cosmological
Predictions for LSST. Astrophys. J. Suppl., 242(1):2, 2019.
[227] T. Erben et al. CFHTLenS: The Canada-France-Hawaii Telescope Lensing
Survey - Imaging Data and Catalogue Products. Mon. Not. Roy. Astron. Soc.,
433:2545, 2013.
129
[228] Philippe Berger and George Stein. A volumetric deep Convolutional Neural
Network for simulation of mock dark matter halo catalogues. Mon. Not. Roy.
Astron. Soc., 482(3):2861–2871, 2019.
[229] Ian Goodfellow, Jean Pouget-Abadie, Mehdi Mirza, Bing Xu, David Warde-
Farley, Sherjil Ozair, Aaron Courville, and Yoshua Bengio. Generative adver-
sarial nets. In Z. Ghahramani, M. Welling, C. Cortes, N. D. Lawrence, and
K. Q. Weinberger, editors, Advances in Neural Information Processing Systems
27, pages 2672–2680. Curran Associates, Inc., 2014.
[230] Adam G. Riess et al. A 2.4% Determination of the Local Value of the Hubble
Constant. Astrophys. J., 826(1):56, 2016.
[231] Adam G. Riess et al. Milky Way Cepheid Standards for Measuring Cosmic
Distances and Application to Gaia DR2: Implications for the Hubble Constant.
Astrophys. J., 861(2):126, 2018.
[232] C. L. Bennett, D. Larson, J. L. Weiland, and G. Hinshaw. The 1% Concordance
Hubble Constant. Astrophys. J., 794:135, 2014.
[233] Harry Desmond, Bhuvnesh Jain, and Jeremy Sakstein. Local resolution of the
Hubble tension: The impact of screened fifth forces on the cosmic distance
ladder. Phys. Rev., D100(4):043537, 2019.
[234] Robert H. Brandenberger, Raymond Laflamme, and Milan Mijic. Classical
Perturbations From Decoherence of Quantum Fluctuations in the Inflationary
Universe. Mod. Phys. Lett., A5:2311–2318, 1990.
[235] Claus Kiefer, David Polarski, and Alexei A. Starobinsky. Quantum to classical
transition for fluctuations in the early universe. Int. J. Mod. Phys., D7:455–462,
1998.
[236] J. F. Koksma. Quantum Field Theory and Decoherence in the Early Universe.
PhD thesis, Utrecht U., 2011.
[237] Andreas Albrecht, Nadia Bolis, and R. Holman. Cosmological Consequences of
Initial State Entanglement. JHEP, 11:093, 2014.
[238] Nadia Bolis, Andreas Albrecht, and Rich Holman. Modifications to
Cosmological Power Spectra from Scalar-Tensor Entanglement and their
Observational Consequences. JCAP, 1612(12):011, 2016. [Erratum:
JCAP1708,no.08,E01(2017)].
[239] Nadia Bolis, Tomohiro Fujita, Shuntaro Mizuno, and Shinji Mukohyama. Quan-
tum Entanglement in Multi-field Inflation. JCAP, 1809:004, 2018.
[240] Nadia Bolis, Andreas Albrecht, and R. Holman. Non-Gaussianity from Entan-
glement During Inflation. JCAP, 1907(07):021, 2019.
130
[241] Elisabeth Krause and Tim Eifler. cosmolike ? cosmological likelihood analyses
for photometric galaxy surveys. Mon. Not. Roy. Astron. Soc., 470(2):2100–2112,
2017.
[242] Yin Li, Wayne Hu, and Masahiro Takada. Super-Sample Covariance in Simu-
lations. Phys. Rev., D89(8):083519, 2014.
[243] Andrew J. S. Hamilton, Christopher D. Rimes, and Roman Scoccimarro. On
measuring the covariance matrix of the nonlinear power spectrum from simula-
tions. Mon. Not. Roy. Astron. Soc., 371:1188–1204, 2006.
[244] Jeremy L. Tinker, Andrey V. Kravtsov, Anatoly Klypin, Kevork Abazajian,
Michael S. Warren, Gustavo Yepes, Stefan Gottlober, and Daniel E. Holz. To-
ward a halo mass function for precision cosmology: The Limits of universality.
Astrophys. J., 688:709–728, 2008.
[245] Gregory Walter Horndeski. Second-order scalar-tensor field equations in a four-
dimensional space. International Journal of Theoretical Physics, 10(6):363–384,
Sep 1974.
[246] Emilio Bellini and Ignacy Sawicki. Maximal freedom at minimum cost: linear
large-scale structure in general modifications of gravity. JCAP, 1407:050, 2014.
[247] Justin Khoury. Chameleon Field Theories. Class. Quant. Grav., 30:214004,
2013.
[248] Johannes Noller and Andrina Nicola. Radiative stability and observational
constraints on dark energy and modified gravity. 2018.
131
